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ASYMPTOTICS FOR THE WAVE EQUATION ON 
DIFFERENTIAL FORMS ON KERR-DE SITTER SPACE 

PETER HINTZ AND ANDRAS VASY 


Abstract. We study asymptotics for solutions of Maxwell’s equations, in fact 
of the Hodge-de Rham equation (d + S)u = 0 without restriction on the form 
degree, on a geometric class of stationary spacetimes with a warped product 
type structure (without any symmetry assumptions), which in particular in¬ 
clude Schwarzschild-de Sitter spaces of all spacetime dimensions n > 4. We 
prove that solutions decay exponentially to 0 or to stationary states in every 
form degree, and give an interpretation of the stationary states in terms of co- 
homological information of the spacetime. We also study the wave equation on 
differential forms and in particular prove analogous results on Schwarzschild- 
de Sitter spacetimes. We demonstrate the stability of our analysis and de¬ 
duce asymptotics and decay for solutions of Maxwell’s equations, the Hodge-de 
Rham equation and the wave equation on differential forms on Kerr-de Sitter 
spacetimes with small angular momentum. 


1. Introduction 

Maxwell’s equations describe the dynamics of the electromagnetic field on a 4- 
dimensional spacetime {M,g). Writing them in the form {d + Sg)F = 0, where 6g 
is the codifferential, for the electromagnetic field F (a 2-form) suggests studying 
the operator d + Sg, whose square Dg = (d -I- Sg^ is the Hodge d’Alembertian, i.e. 
the wave operator on differential forms. It is then very natural to study solutions 
of {d + 6g)u = 0 or OgU = 0 without restrictions on the form degree. Important 
examples of spacetimes that fit into the class of spacetimes studied in the present 
paper are Schwarzschild-de Sitter spacetimes with spacetime dimension > 4, and by 
very simple perturbation arguments, we can readily analyze waves on perturbations 
of these, in particular on Kerr-de Sitter spaces. Concretely, a special case of our 
general results is: 

Theorem 1. Let {M,ga) denote a non-degenerate Kerr-de Sitter space with black 
hole mass M, > 0, cosmological constant A > 0 and angular momentum a,^ more 
precisely a suitable neighborhood of the domain of outer communications, and de¬ 
note by t„ a smooth time coordinate. Suppose u G AM) is a solution of the 

equation 

(d -\- Sg^)u = 0, 
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with smooth initial data, and denote by uj the form degree j part of u, j — 0,... ,4. 
Then U 2 decays exponentially in t^ to a stationary state, which is a linear combi¬ 
nation of the t,f-independent 2-forms Ua,i,Ua, 2 . In the standard (Boyer-Lindquist) 
local coordinate system on Kerr-de Sitter space, Ua,i and Ua ,2 have explicit closed 
form expressions; in particular, on Schwarzschild-de Sitter space, mo,i = dtAdr, 
and uo ,2 = oj is the volume element of the round unit 2-sphere. Moreover, ui and 
U 3 decay exponentially to 0, while Uq decays exponentially to a constant, and to 
a constant multiple of the volume form. 

Suppose now u G AM) instead solves the wave equation 

Dg^U = 0 

with smooth initial data, then the same decay as before holds for uq,U 2 and u^, 
while ui decays exponentially to a member of a 2 -dimensional family of stationary 
states, likewise for U 3 . 

The Schwarzschild-de Sitter case of this theorem, i.e. the special case a = 0, will 
be proved in Section 4.2, and we give explicit expressions for all stationary states, 
see Theorems 4.3 and 4.5, and Section 5 provides the perturbation arguments, see 
in particular Theorem 5.1. For the explicit form of Uap and Ua^ 2 -: see Remark 5.4. 
Notice that asymptotics and decay of differential form solutions to the wave equa¬ 
tion are much stronger statements than corresponding statements for Maxwell’s 
equations or for the Hodge-de Rham equation. 

We stress that the main feature of the spacetimes {M, g) considered in this pa¬ 
per is a warped product type structure of the metric, whereas we do not make 
any symmetry assumptions on M. From a geometric point of view then, the main 
novelty of this paper is a general cohomological interpretation of stationary states, 
which in the above theorem are merely explicitly given. On a technical level, we 
show how to analyze quasinormal modes (also called resonances, further discussed 
below) for equations on vector bundles whose natural inner product is not positive 
definite. To stress the generality of the method, we point out that symmetries only 
become relevant in explicit calculations for specific examples such as Schwarzschild- 
de Sitter and Kerr-de Sitter spaces. Even then, the perturbation analysis around 
Schwarzschild-de Sitter space works without restrictions on the perturbation; only 
for the explicit form of the space {ua,i,Ua, 2 ) of stationary states do we need the 
very specific form of the Kerr-de Sitter metric. Thus, combining the perturbation 
analysis with the non-linear framework developed by the authors in [30] , we can im¬ 
mediately solve suitable quasilinear wave equations on differential forms on Kerr-de 
Sitter spacetimes; see Remark 5.3. To put this into context, part of the motiva¬ 
tion for the present paper is the black hole stability problem, see the lecture notes 
by Dafermos and Rodnianski [14] for background on this, and we expect that the 
approach taken here will facilitate the linear part of the stability analysis, which, 
when accomplished, rather directly gives the non-linear result when combined with 
the non-linear analysis in [30]. 

1.1. Outline of the general result. Going back to the linear problem studied 
in this paper, we proceed to explain the general setup in more detail. Let X be 
a compact orientable (n — 1)-dimensional manifold with boundary Y = dX and 
interior X = X , and let M = M.t x X, which is thus n-dimensional. Denote the 
connected components of Y, which are of dimension (n — 2), by 1), for i in a finite 
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index set I. We assume that M is equipped with the metric 

g = a{x)^ dt^ — h{x,dx), (1.1) 

where h is a smooth Riemannian metric on X (in particular, incomplete) and a is 
a boundary defining function of X, i.e. a e C°°{X), a = 0 on F, a > 0 in X and 
da\Y ^ 0. We moreover assume that every connected component Yi oi Y, i G I, 
has a collar neighborhood [0, ei)a x {Yi)y in which h takes the form 

h = Pi{a^,y)da^Yki{a^,y,dy) ( 1 . 2 ) 

with j3i{0^y) = /3i > 0 constant along 1). In particular, h is an even metric in 
the sense of Guillarmou [26].^ We change the smooth structure on X to only 
include even functions of a, and show how one can then extend the metric g to a 
stationary metric (denoted 'g, but dropped from the notation in the sequel) on a 
bigger spacetime M = 'Rt, x X, where is a shifted time coordinate. Since the 
operator d+S commutes with time translations, it is natural to consider the normal 
operator family 

Sia) + 5(0-) = e*‘*‘"(d + (5)6-**“" 

acting on differential forms (valued in the form bundle of M) on a slice of constant 
t*, identified with X; the normal operator family □(tr) of □ is defined completely 
analogously. The proper way to view the normal operator family is as a family 
of operators on the boundary at infinity of a bordified version of M, where one 
introduces t = e”** as a new ‘time’ coordinate and adds r = 0, i.e. future infinity, 
to the manifold M. Thus, the normal operator family naturally lives on r = 0; see 
[52, §3] for details. 

Since the Hodge d’Alembertian (and hence the normal operator family □((t)) 
has a scalar principal symbol, it can easily be shown to fit into the microlocal 
framework developed by Vasy [52]; we prove this in Section 2. In particular, □(ct)”^ 
is a meromorphic family of operators in (t G C, and under the assumption that the 
inverse family □((t)”^ verifies suitable bounds as | Retrl —)■ oo and Imcr > —C (for 
C > 0 small), one can deduce exponential decay of solutions to Du = 0, up to 
contributions from a finite dimensional space of resonances. Here, resonances are 
poles of □((t)-^, and resonant states (for simple resonances) are elements of the 
kernel of □(ct) for a resonance a. Therefore, proving wave decay and asymptotics 
is reduced to studying high energy estimates, which depend purely on geometric 
properties of the spacetime and will be further discussed below, and the location 
of resonances as well as the spaces of resonant states. (For instance, resonances in 
Im (7 > 0 correspond to exponentially growing solutions and hence are particularly 
undesirable when studying non-linear problems.) Our main theorem is then: 

Theorem 2. The only resonance of d + S in Imtr > 0 is ct = 0, and Q is a simple 
resonance. Zero resonant states are smooth, and the space TL of these resonant 
states is equal to ker(i(0) n ker(5(0). (In other words, resonant states, viewed as 
tt,-independent differential forms on M, are annihilated by d and 6.) Using the 
grading TL — ®^ form degrees, there is a canonical exact sequence 

0 ^ H’^{X) © H’^-^{X,dX) ^ ^ H’^-^{dX). (1.3) 

^Thus, as we will show, de Sitter and Schwarzschild-de Sitter spaces fit into this framework, 
whereas asymptotically flat spacetimes like Schwarzschild (or Kerr) do not. 
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Furthermore, the only resonanee o/D in Imcr > 0 is a = 0. Zero resonant states 
are smooth, and the spaee K. — resonant states, graded by form 

degree and satisfying JC^ D T-L^, fits into the short exact sequence 

0 H^(X) © dX) ^ 0. (1.4) 

Lastly, the Hodge star operator on M induces natural isomorphisms *: ^ 

and*: ^ k = 0 ,...,n. 

See Theorem 3.20 for the full statement, including the precise definitions of the 
maps in the exact sequences. In fact, the various cohomology groups in (1.3) and 
(1.4) correspond to various types of resonant differential forms, namely forms which 
are square integrable on X with respect to a natural Riemannian inner product 
on forms on M (obtained by switching the sign in (1.1)), as well as ‘tangential’ 
and ‘normal’ forms in a decomposition u = ut + dt A un of the form bundle 
corresponding to the warped product structure of the metric. Roughly speaking, 
(1.4) encodes the fact that resonant states for which a certain boundary component 
vanishes are square integrable with respect to the natural Riemannian inner product 
on X and can be shown to canonically represent absolute (for tangential forms) or 
relative (for normal forms) de Rham cohomology of X, while the aforementioned 
boundary component is a harmonic form on Y and can be specified freely for 
resonant states of □. (Notice by contrast that the last map in the exact sequence 
(1.3) for d + (5 is not necessarily surjective.) 

The proof of Theorem 2 proceeds in several steps. First, we exclude resonances 
in Imcr > 0 in Section 3.1; the idea here is to relate the normal operator family of 
d + (5 (a family of operators on the extended space X) to another normal operator 
family d(cr) + 6 {a) = e®*'^(d + i5)e“®‘‘^, which is a family of operators on X that 
degenerates at dX, but has the advantage of having a simple form in view of the 
warped product type structure (1.1) of the metric: Since one formally obtains 
d(cr) + d(cr) by replacing each dt in the expression for d + d by —ia, we see that on 
a formal level d{a) + S{a) for purely imaginary a resembles the normal operator 
family of the Hodge-de Rham operator of the Riemannian metric on M mentioned 
above; then one can show the triviality of ker(d(cr) + d(cr)) in a way that is very 
similar to how one would show the triviality of ker(A + a) for self-adjoint A and 
Imcr > 0. For not purely imaginary a, but still with Imcr > 0, one can change 
the tangential part of the metric on M in (1.1) by a complex phase and then 
run a similar argument, using that the resulting ‘inner product’, while complex, 
still has some positivity properties. Next, in Section 3.2, we exclude non-zero real 
resonances by means of a boundary pairing argument, which is a standard technique 
in scattering theory, see e.g. Melrose [41]. Finally, the analysis of the zero resonance 
in Section 3.3 relies on a boundary pairing type argument, and we again use the 
Riemannian inner product on forms on M. The fact that this Riemannian inner 
product is singular at dX implies that resonant states are not necessarily square 
integrable, and whether or not a state is square integrable is determined by the 
absence of a certain boundary component of the state. This is a crucial element of 
the cohomological interpretation of resonant states in Section 3.4. 

As already alluded to, deducing wave expansions and decay from Theorem 2 
requires high energy estimates for the normal operator family. These are easy to 
obtain if the metric /i on X is non-trapping, i.e. all geodesics escape to dX, as is 
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the case for the static patch of de Sitter space (discussed in Section 4.1). Another 
instance in which suitable estimates hold is when the only trapping within X is 
normally hyperbolic trapping, as is the case for Kerr-de Sitter spaces with parameters 
in a certain range. In the scalar setting, such estimates are now widely available, see 
for instance Wunsch and Zworski [56] , Dyatlov [23] and their use in Vasy [52] : The 
proof of exponential decay relies on high energy estimates in a strip below the real 
line. For □ acting on differential forms, obtaining high energy estimates requires a 
smallness assumption on the imaginary part of the subprincipal symbol of □ relative 
to a positive definite inner product on the form bundle; the choice of inner product 
affects the size of the subprincipal symbol. Conceptually, the natural framework in 
which to find such an inner product involves pseudodifferential inner products. This 
notion was introduced by Hintz [28] and used there to prove high energy estimates 
for □ on tensors of arbitrary rank on perturbations of Schwarzschild-de Sitter space. 
In the present paper, we use the estimates provided in [28] as black boxes. 

1.2. Previous and related work. The present paper seems to be the first to 
describe asymptotics for differential forms solving the wave or Hodge-de Rham 
equation in all form degrees and in this generality, and also the first to demon¬ 
strate the forward solvability of non-scalar quasilinear wave equations on black 
hole spacetimes, but we point out that for applications in general relativity, our 
results require the cosmological constant to be positive, whereas previous works on 
Maxwell’s equations deal with asymptotically flat spacetimes: Sterbenz and Tataru 
[46] showed local energy decay for Maxwell’s equations on a class of spherically sym¬ 
metric asymptotically flat spacetimes including Schwarzschild.^ Blue [6] established 
conformal energy and pointwise decay estimates in the exterior of the Schwarzschild 
black hole; Andersson and Blue [2] proved similar estimates on slowly rotating Kerr 
spacetimes. These followed earlier results for Schwarzschild by Inglese and Nicolo 
[32] on energy and pointwise bounds for integer spin fields in the far exterior of 
the Schwarzschild black hole, and by Bachelot [3], who proved scattering for elec¬ 
tromagnetic perturbations. Finster, Kamran, Smoller and Yau [24] proved local 
pointwise decay for Dirac waves on Kerr. There are further works which in partic¬ 
ular establish bounds for certain components of the Maxwell field, see Donniger, 
Schlag and Soffer [18] and Whiting [55]. Dafermos [10], [11] studied the non-linear 
Einstein-Maxwell-scalar field system under the assumption of spherical symmetry. 

Vasy’s proof of the meromorphy of the (modified) resolvent of the Laplacian 
on differential forms on asymptotically hyperbolic spaces [51] makes use of the 
same microlocal framework as the present paper, and it also shows how to link 
the ‘intrinsic’ structure of the asymptotically hyperbolic space and the form of the 
Hodge-Laplacian with a ‘non-degenerately extended’ space and operator. For Kerr- 
de Sitter spacetimes, Dyatlov [20] defined quasinormal modes or resonances in the 
same way as they are used here, and obtained exponential decay to constants away 
from the event horizon for scalar waves. This followed work of Melrose, Sa Barreto 
and Vasy [40] , where this was shown up to the event horizon of a Schwarzschild-de 
Sitter black hole, and of Dafermos and Rodnianski [13] who proved polynomial 
decay in this setting. Dyatlov proved exponential decay up to the event horizon for 
Kerr-de Sitter in [19], and significantly strengthened this in [21], obtaining a full 

^One needs to assume the vanishing of the electric and the magnetic charge. For a positive 
cosmological constant, this precisely corresponds to assuming the absence of the r~^ dt A dr and 
u> asymptotics in form degree 2 in the Schwarzschild-de Sitter case of Theorem 1. 
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resonance expansion for scalar waves, improving on the result of Bony and Hafner 
[7] in the Schwarzschild-de Sitter setting, which in turn followed Sa Barreto and 
Zworski [4]. 

In the scalar setting too, the wave equation on asymptotically flat spacetimes 
has received more attention. Dafermos, Rodnianski and Shlapentokh-Rothman 
[17], building on [15, 16, 44], established the decay of scalar waves on all non¬ 
extremal Kerr spacetimes, following pioneering work by Kay and Wald [33, 54] in 
the Schwarzschild setting. Tataru and Tohaneanu [47, 48] proved decay and Price’s 
law for slowly rotating Kerr using local energy decay estimates, and Strichartz 
estimates were proved by Marzuola, Metcalfe, Tataru and Tohaneanu [37]. 

Non-linear results for wave equations on black hole spacetimes include [30], see 
also the references therein, Luk’s work [36] on semilinear forward problems on Kerr, 
and the scattering construction of dynamical black holes by Dafermos, Holzegel and 
Rodnianski [12]. Fully general stability results for Einstein’s equations specifically 
are available for de Sitter space by the works of Friedrich [25], Anderson [1], Rod¬ 
nianski and Speck [43] and Ringstrom [42] , and for Minkowski space by the work of 
Christodoulou and Klainerman [9], partially simplified and extended by Lindblad 
and Rodnianski [34, 35], Bieri and Zipser [5] and Speck [45]. 

1.3. Structure of the paper. In Section 2, we show how to put the Hodge-de 
Rham and wave equation on differential forms into the microlocal framework of [52] ; 
this is used in Section 3 in the analysis of resonances in Im cr > 0, and we prove 
Theorem 2 there. In Section 4, we apply this result on de Sitter space, where we 
can take a global point of view which simplifies explicit calculations considerably, 
and on Schwarzschild-de Sitter space, where such a global picture is not available, 
but using Theorem 2, the necessary computations are still very straightforward. 
In Section 5, we show the perturbation stability of the analysis, in particular deal 
with Kerr-de Sitter space, and indicate how this gives the forward solvability for 
quasilinear wave equations on differential forms. 

2. Analytic setup 

Recall that we are working on a spacetime M = x X, equipped with a metric 
g as in (1.1)-(1.2), where X is the interior of a compact orientable manifold X with 
boundary Y = dX and boundary defining function a G C°°(X). Fixing a collar 
neighborhood of V identified with [0, e)a x Y, denote by Xeven the manifold X 
with the smooth structure changed so that only even functions in a are smooth, i.e. 
smooth functions are precisely those for which all odd terms in the Taylor expansion 
at all boundary components vanish. For brevity, we assume from now on that Y is 
connected, 

h = + k{a^,y,dy) (2.1) 

in a collar neighborhood of Y, and thus f5{Q,y) = /3 is a single constant, but all 
of our arguments readily go through in the case of multiple boundary components. 
The main examples of spaces which directly fit into this setup are the static patch 
of de Sitter space (with 1 boundary component) and Schwarzschild-de Sitter space 
(with 2 boundary components); see Section 4 for details. 

On M, we consider the Hodge-de Rham operator d + 5, acting on differential 
forms. We put its square, the Hodge d’Alembertian □ = (d -|- d)^, which is princi¬ 
pally scalar, into the microlocal framework developed in [52]: We renormalize the 
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time coordinate t in the collar neighborhood of Y by writing 

t = tt + F{a), daF{a) =——— 2ac{a‘^ ,y) (2.2) 

a 

with c smooth, hence F{a) S —/31oga +C°°(Xeven); notice that the above require¬ 
ment on F only makes sense near Y. We introduce the boundary defining function 
/i = of Xeven', then one computes 

g = fj. dtl — {P + 2fic) dtf. dg + -f /3c) dfj,^ — k{fi,y,dy). (2.3) 

In particular, the determinant of g in these coordinates equals — ^ det(fc), hence g 
is non-degenerate up to Y. Furthermore, we claim that we can choose c{fi, y) such 
that dt, is timelike on x Xeven (this requirement is explained below and in [52, 
§7]); indeed, with G denoting the dual metric to g, we require 

G{du,dt,) = + Pc) > 0. (2.4) 

This is trivially satisfied if c = —/3/2/r, which corresponds to undoing the change 
of coordinates in (2.2), however we want c to be smooth at /r = 0. But for /i > 0, 
(2.4) holds provided —P/g < c < 0; hence, we can choose a smooth c verifying (2.4) 
in /r > 0 and such that moreover c = —/3/2/i vci g> gi (intersected with the collar 
neighborhood of F) for any fixed gi > 0. Thus, we can choose F as in (2.2) with 
F = 0 in (in particular, F is defined globally on X) such that (2.4) holds. 

Since the metric g in (2.3) is stationary (t*-independent) and non-degenerate on 
Xgvem it can be extended to a stationary Lorentzian metric on an extension Xs 
into which Xeven embeds. Concretely, one defines Xs = (-^evenLl([—(5, e)^ x Yy))/ ^ 
with the obvious smooth structure, where ^ identifies elements of [ 0 , e)^ x Yy with 
points in Xeven by means of the collar neighborhood of Y. Then, extending /3 and 
fc, and thus g, in an arbitrary ^-independent manner to Xs, the extended metric, 
which we denote by g, is non-degenerate on Xs for sufficiently small i5 > 0 , and 
dt, remains timelike uniformly on 'Rt, x Xs: Indeed, in /r < 0, (2.4) (with the 
dual metric G of 5 in place of G) holds for any negative function c as long as P 
remains positive on Xs- Reducing 6 > 0 further if necessary (to enforce the relevant 
structure of the null-geodesic flow near Y within Xs \ Xg^en, see [52, §2]), we let 
X be the double space of Xs, which is thus a compact manifold without boundary, 
and denote by g the extended metric on X, slightly modified near dXs to ensure 
the smoothness of g on the double space X. 

The operator d + Sg on M now extends to an operator d + Sg on M = Rt, x 
X. Correspondingly, the wave operator Dg on M extends to the wave operator 
□g on M. Denote the conjugation of Dg on M by the Fourier transform in —t* 
(equivalently, by the Mellin transform in e“**) by □g(cr), that is to say (dropping 
the subscript g for brevity) 

□ (cr) = 

since □ is invariant under translations in t*, this amounts to replacing each dt^ in 
the expression for □ by —ia. The operator □(tr) acts on sections of the pullback 
of the form bundle AM under the map X —>■ M, x 1 —>■ (0,a:), and writing 
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differential forms u on M as 

u = ut + dtsf A un (2-5) 

with ut and un valued in forms on X, we can identify K^M with AX 0 AX. 

The last step required to show that □, more precisely □(cr), fits into the frame¬ 
work described in [52] is classical non-trapping for the bicharacteristic flow of □(c); 
complex absorption can be dealt with by the arguments of [52, §§3-4]. But in fact, 
we even have ellipticity in X: Indeed, on X, we have 

□ (cr) = (2.6) 

where □(cr) = is the conjugation of □ by the Fourier transform in 

—t, and F is as in (2.2); here, we view □(ct) as an operator acting on sections 
of Aj^Mjx- Now, the latter bundle can by identified with AX 0 AX by writing 
differential forms as u = ut + dt f\ un, with ut and un valued in forms on X, 
and switching between this identification and (2.5) amounts to conjugating □(ct) 
by a bundle isomorphism on AX 0 AX, which preserves ellipticity. The standard 
principal symbol of □(cr) as a second order operator acting on sections of AX 0 AX 
is given by {—H) 0 {—H), where H is the dual metric to h, here identified with the 
dual metric function on T* X] this follows from the calculations in the next section. 
Since H is Riemannian, this implies that □(cr), hence □(cr), is classically elliptic in 
X, which trivially implies the non-trapping property. 

Hence by [52, Theorem 7.3], □(cr) is an analytic family of Fredholm operators 
on suitable function spaces, and the inverse family □(cr)“^: C°°(X; AX 0 AX) —> 
C~°°{X]AX 0 AX) (where we use the identification (2.5)) admits a meromorphic 
continuation from Ima ^ 0 to the complex plane; note however that without 
further assumptions on the geodesic flow (for instance, semiclassical non-trapping or 
normally hyperbolic trapping), we do not obtain any high energy bounds. Moreover 
(see [52, Lemma 3.5]), the Laurent coefficient at the poles are finite rank operators 
mapping sufficiently regular distributions to elements of C°°{X;AX 0 AX). 

For present purposes, it is actually more convenient to replace complex absorp¬ 
tion by Cauchy hypersurfaces outside of Xeven as in [29, §2] and [27, § 8 ]; the above 
properties on □(cr)“^ hold true in this setting as well. We then deduce: 

Lemma 2.1. A complex number a G C is a resonance ofO, i.e. □(cr)“^ has a pole 
at a, if and only if there exists a non-zero u G (Xeven; AXeven 0 AXeven) 

(using the identification (2.5)J such that \3(a)u = 0. 

Proof. If cr S C is a resonance, then there exists a non-zero u G C°°(X;AX 0 AX) 
with □(cr)M = 0. Restricting to X, this implies by (2.6) and (2.2) that □(cr)u = 0 
for u = G (Xeven; AXeven © AXeven)- If M = 0, then u vaffishes to 

infinite order at Y, and since □(cr) is a conjugate of a wave or Klein-Gordon operator 
on an asymptotically de Sitter space, see [53], unique continuation at infinity on the 
de Sitter side as in [50, Proposition 5.3] (which is in the scalar setting, but works 
similarly in the present context since it relies on a semiclassical argument in which 
only the principal symbol of the wave operator matters, and this is the same in our 
setting) shows that u = 0 on X."' Hence, ct yf 0, as desired. 

^This is the place where we use that we capped off X outside of Xeven by a Cauchy 
hypersurface. 
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Conversely, given a u G a“*^°’C°°(Xeven; AXeven 0 AX even) with □(cr)u = 0, we 
define u' G C°°{X\KX 0 AX) to be any smooth extension of from Xeven to 

X. Then □(cr)w' is identically zero in X and thus vanishes to infinite order at F; 
hence, we can solve 

□ (cr)v = —\3{a)u' 

in X \ X with v vanishing to infinite order at Y ; thus, extending zl by 0 to X, we 
find that zt = zt' 0 ?; is a non-zero solution to □(cr)zt = 0 on X. □ 

Since □ = (d 0 d)^, we readily obtain the following analogue of Lemma 2.1 for 
d + 5: 

Lemma 2.2. The map^ 0 ^(cr)) —>■ + '^(^)); 

u 1 —^ e®^'^zl|xj is an isomorphism. 

Proof. Since u G ker(d(a) + d(a)) implies u G ker□(cr), injectivity follows from the 
proof of Lemma 2.1. To show surjectivity, take u G (Xeven) with {d{a) 0 

S{cr))u = 0 and choose any smooth extension u' of e“*^‘^zi to X. Solving □(ct)z;' = 
— (d(cr) 0 6 {a))u' with suppz;' C X \ X and then defining v = {d{a) 0 (5(cr))v', we 
see that zz = zz' 0 zl extends zz' to X and is annihilated by d{a) 0 i5(cr). □ 

Thus, when studying the location and structure of resonances, we already have 
very precise information about regularity and asymptotics (on X) of potential res¬ 
onant states. 

Lastly, we remark that since □(cr) = (d(cr) 0 (5(cr))^ is an analytic family of 
Fredholm operators with meromorphic inverse, the same holds for d{a) 0 i5(cr). 
More precisely, □(ct) : X* ^ with {u G iJ®(X; AX 0 AX)": □(cr)zz G 

iL®“^(X; AX 0 AX)} and = id®“^(X; AX 0 AX)“, with (—) denoting ex¬ 

tendible distributions [31, Appendix B], is Fredholm provided s is large enough 
(depending on Im cr), and thus d{a) + 6{a ): —>• with = {zz G H‘^{X;AX 0 
AX)“ : {d{a) + 6{a))u G iL®(X; AX 0 AX)} is Fredholm for the same s. In addition, 
d(cr) 0 (5(cr) acting on these spaces is invertible if and only if its square □(cr) is. In 
particular, d{a) + S{a) has index 0, being an analytic family of Fredholm operators 
which is invertible for Ima ^ 0 . 

3. Resonances in Imcr > 0 

Using Lemma 2.2, we now study the resonances of in Imcr > 0 by analyzing the 
operator d(cr) 0 (5(cr) (and related operators) on Xeven- Recall that a resonance at 
cr G C and a corresponding resonant state zz yield a solution {d + <5)(e“*‘*'^zz) = 0, 
hence Imcr > 0 implies in view of that e“***‘^zz grows exponen¬ 

tially in U, whereas resonances with Imcr = 0 yield solutions which at most grow 
polynomially in (and do not decay). We will continue to drop the metric g or g 
from the notation for brevity. 

In order to keep track of fiber inner products and volume densities, we will use 
the following notation. 


^We drop the bundles from the notation for simplicity. 
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Definition 3.1. For a density /i on X and a complex vector bundle £ ^ X 
equipped with a positive definite Hermitian form B, let L‘^{X, fi;£, B) be the space 
of all sections u oi £ for which ||m||^ ^ := B{u, u) d/r < oo. 

If B is merely assumed to be sesquilinear (but not necessarily positive definite), 
we define the pairing 

{u,v)^^B ■= / B{u,v)d^i 
Jx 

for all sections u,v oi £ for which B{u, v) £ L^{X, fj). If the choice of the density /r 
or inner product B is clear from the context, it will be dropped from the notation. 


Remark 3.2. ft will always be clear what bundle £ we are using at a given time, so £ 
will from now on be dropped from the notation; also, X will mostly be suppressed. 


Since the metric g in (1.1) has a warped product structure and adt has unit 
squared norm, it is natural to write differential forms on M = x X^ as 

u(t, x) = UT{t, x) + adt A UN{t,x), (3-1) 


where the tangential and normal forms ut and un are t-dependent forms on X, 
and we will often write this as 


u{t, x) 


f UT(t,x)\ 
\uN{t,x)) 


Thus, the differential d on M is given in terms of the differential dx on X by 


( dx 0 \ 

—a~^dxaj ' 


(3.2) 


Since the dual metric is given by G = a — id, the fiber inner product Gk on 
fc-forms is given by 


Gk 


{-i)^Hk 

0 


0 ^ 

(-l)'=-iidfc_J ’ 


(3.3) 


where Hg denotes the fiber inner product on g-forms on X. Furthermore, the 
volume density on M is jd^j = Q!|dddd|, and we therefore compute the L?{M, \dg\)- 
adjoint of d to be 


f—a "^Sxa 

\ 0 


-a 

dx ) 


where dx is the L'^{X, |dd|; AX, id)-adjoint of dx- Thus, 


(3.4) 


d(cr) 


(-zaa-1 -a-idxa)’ 


—a ^dxo 

0 


iaa 
dx )' 


(3.5) 


In the course of our arguments we will need to justify various integrations by 
parts and boundary pairing arguments. This requires a precise understanding of 
the asymptotics of ut and ux for potential resonant states u Y = cfXeven- To 
this end, we further decompose the bundle AX 0 AX near Y by writing ut as 


Ut = utt + da A utn 


(3.6) 


and similarly for ux, hence 

u = Utt + da a utx + adt A uxt + adt A da A uxx, (3-7) 

where the u,, are forms on X valued in AY. Now for a resonant state u, we have 
u = a~''^'^iu'rprp + d(a^) A + dd* A u'xt + d{a^) A u)yx) (3-8) 


ASYMPTOTICS FOR DIFFERENTIAL FORMS 


11 


near Y with € C°°(Xeven; Ay), which we rewrite in terms of the decomposition 
(3.7) using (2.2), obtaining 


U - Q. ^ ^Urprp —|- do; /\ (2Clll^jY' F 

F Cl dt A Cl '^NT ‘2,ol dt A dci A Rjvai) 5 


hence introducing the ‘change of basis’ matrix 


/I 0 0 0 \ 

_ 0 a I3a~^ 0 

^"0 0 a-i 0 

\0 0 0 1 / 

and defining the space 


noo 


:= ^ci-*^'" 


/C°“(Xeven;Ay)\ 

C-(Xeven;Ay) 

C-(Xeven;Ay) 

VC‘-(Xeven;Ay)y 


c 


/ ci-*/5-c-(J^ve„;Ay) \ 
Cl-*^"-lC“(Xeven;Ay) 
Cl-*'5"-lC“^even;Ay) ’ 


we obtain 


/ Utt'^ 


( Utt\ 

Utn 


Utn 

unt 


Unt 

\unn) 


\UnnJ 


(3.9) 


(3.10) 


with u„ € C°°(yeven; Ay), where the u„ are the components of u in the decom¬ 
position (3.7). 

We will also need the precise form of d{a) and 6 (a) near Y. Since in the decom¬ 
position (3.6), the fiber inner product on AX-valued forms is H = K (B (3~‘^K in 
view of (2.1), we have 


dx = 




and 




(3.11) 


where dy is the differential on Y and 9* is the formal adjoint of da ■ C°°(X;AY) C 
L'^{X, \dh\; AY, K) — )• L‘^{X, Ay,/ 3 “^ 7 ir). Thus, if /3 and k are independent of 
a near Y, we simply have 

d*a = -r^da, 

and in general, 5* = -P~‘^da + a^Pida + ap 2 , where pi,P 2 G C°°{Xeven)- 
Finally, we compute the form of d{a) near Y acting on forms as in (3.10): 


d{a)^ = 


1 dy 

0 

0 


da 

—ady 

—Pa~^dy 

0 

—iaa~^ 

0 

—a~^dy 

0 

V 0 

—ia 

—ial3a~"^ — a~^da 

dy J 


Thus, applying d(a) to u G 


yields an element 


d(a)u G 


/ a-*/5-c~(A^ve„;Ay) \ 
a-*^"-lC“(yeven;Ay) 
Cl-*^"-lC-_(yeven;Ay) ’ 

V a-*'3-C~(Xeven;Ay) / 


(3.12) 
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where we use that there is a cancellation in the (4, 3) entry of d{a)'^ in view of 

= 0; without this cancellation, the fourth component of 
d{(j)u would only lie in AF). Similarly, we compute 


(- 5 y 

—a 

—/3a“^9* + iaa~^ 

0 \ 

0 

ady 

fda~^6Y 

iaa ^ 

0 

0 

a~^SY 

9* 

V 0 

0 

0 

-6y J 


thus applying 6 {a) to u G also gives an element 


(3.13) 


5{a)u 


G 


a-*'’"-lC“(Xeven;AF) 
a-*''"-lC“jXeven;AF) ’ 


where there is again a cancellation in the (1,3) entry of 5 {(7)'Y’; without this can¬ 
cellation, the first component of d{a)u would only lie in {Xeven, AY). 

In fact, a bit more is true: Namely, one checks that® and 

Q,t/3CTt^-i^(^)(^Q,-j/3(T pi-eserve the space C°°(Xeven; AF)"^ (in the decomposition 
(3.8)), hence if u G then also d{a)u,6{a)u G Since it will be useful 

later, we check this explicitly for cr = 0 by computing 


and 




-i; 


<^-^5(0)'^ = 



/ dy 

0 

0 

o\ 

diO)^ = 

a~^dci 

0 

— dy 
0 

0 

— dy 

0 

0 


1 0 

0 

-a~^dc 

dy / 

(- 5 y - 


—a 


0 

0 



0 

Pa~^d 

0 

0 


<5y 

eta* 

V 0 

0 


0 



(3.14) 


(3.15) 


3.1. Absence of resonances in Im cr > 0. The fiber inner product on the form 
bundle is not positive definite, thus we cannot use standard arguments for (formally) 
self-adjoint operators to exclude a non-trivial kernel of d{a) + (5(cr). We there¬ 
fore introduce a different inner product (by which we mean here a non-degenerate 
sesquilinear form), related to the natural inner product induced by the metric, 
which does have some positivity properties. Concretely, for 9 G (—•7r/2,7r/2), we 
use the inner product H 0 i.e. on pure degree fc-forms on M, the fiber 

inner product is given by Hk-i in the decomposition into tangential and 

normal components as in (3.1). 

Lemma 3.3. Let 0 G (—7r/2,7r/2). Suppose that u G {a\dh\; H(B H) is such that 
{u,u )= 0. Then u = 0. 


^Either, this follows by a direct computation; or one notes that these operators are equal (up 
to a smooth phase factor) to the matrices of the Fourier transforms in t* of d and 5 with respect 
to the form decomposition (3.8), which are smooth on the extended manifold X. 
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Proof. WithM = WT+adtAuAr,wehave||uT||i 2 („|d^|.^)+e '^"'^\\uN\\l 2 ^^\ah\-,H) = 0- 
Multiplying this equation by e*® and taking real parts gives 

COs{9)\\u\\‘j^2(^a\clh\;HeH) = 0 , 

hence u, = 0, since cos 9 > 0 for 9 in the given range. □ 

Using the volume density a\dh\ to compute adjoints/ we have 

{d{a)u,v)H(Be-^ii>H = {u,Se{<j)v)H(Be-^'OH, u,v & KX ® KX) 

for the operator 

. fa~^5x<y. 

= (, 0 

which equals —d(a) provided = —a, i.e. cr S e*® • i(0, oo). 

Remark 3.4. Since the inner product H is not Hermitian, we do not have 

{5e{a)u,v) fj(^f,- 2 iefj = {u, d{a)v )h in general. Rather, one computes 


{5g{a)u,v)H — ^e{<^)u)H(Se-^' 0 H 


= {d{a)v,u)H(Be-^'OH = {u, d{a)v) h ■ 

Now suppose u G is a solution, with Ima > 0, of 


(d(a) + S{a-))u = 0. 


(3.16) 


(3.17) 


We claim that every such u must vanish. To show this, we apply d{a) to (3.17) and 
pair the result with u; this gives 


(3.18) 


0 = {d{a) 6 {a)u,u)H(Be-^' 0 H = ('J(o-)u, (5s(cr)u)^g5e-2.e^ 

= -{ 5 {a)u, 6 {a)u)H(Be-^iOH, 

where we choose 9 G (—•7r/2,7r/2) so that cr G e*® • i(0,oo); the integration by parts 
will be justified momentarily. By Lemma 3.3, this implies d{<j)u = 0. On the other 
hand, applying 6 {a) to (3.17) and using (3.16), we get, for cr G e*® • i(0,oo), 

0 = {S{a)d{a)u,u)H(Be^iOH = -{^e{(y)d{a)u,u) h 
= -{d{(T)u,d{a)u)HiSe^ieH, 


(3.19) 


hence d{a)u = 0 by Lemma 3.3, again modulo justifying the integration by parts. 

Using the splitting (3.1) and the form (3.5) of d{a), the second component of 
the equation d{a)u = 0 gives iauT + dxOiUM = 0. Taking the L‘^{a\dh\\ 7J)-pairing 
of this with ut gives (the integration by parts to be justified below) 

0 = ictIIutIP + {dxaux,UT) = ia\\uT\\‘^ + {ux,SxauT), (3.20) 

and then the first component of S{a)u = 0, i.e. Sxaur = icrux, can be used to 
rewrite the pairing on the right hand side; we obtain 0 = i(cr||uT|P — d||MAr|p). 
Writing cr = with ct > 0 real, this becomes 

0 = a(e*luTf+ e-*®||uArf), (3.21) 

and taking the real part of this equation gives ut = 0 = uat, hence u = 0. 


^See Definition 3.1 for the notation used here. 
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We now justify the integrations by parts used in (3.18) and (3.19), which is 
only an issue at V. First of all, since u G and Imu > 0, the pairings are 
well-defined in the strong sense that all functions which appear in the pairings are 
elements of LF‘{a\dh\]H 0 H)] in fact, all functions in these pairings lie in C'^y 

In view of the block structure H © = K ® p-^K © 

of the inner product, the only potentially troublesome term for the integration by 
parts there is the pairing of the first components, since this is where we need the 
cancellation mentioned after (3.13) to ensure that 5{a)u G Lp . However, if we 
only use the cancellation in one of the terms, we pair a“®^'^C°°(Xeven; AF) against 
a“®^'^“^C°°(Xeven; AF) in the first component, thus this pairing is still absolutely 
integrable and one can integrate by parts. Likewise, the integration by parts used 
in (3.19) only has potential issues in the pairing of the fourth components, since we 
need the cancellation mentioned after (3.12) to ensure that d{a)u G Lp . But again, 
if we only use this cancellation in one of the terms, we pair a“®^'^C°°(Xeven; AF) 
against AF), which is absolutely integrable. 

In order to justify (3.20), we observe using (3.11) that near F, 

UTidxOLUj^ G [ 1 ; ^ [ ^ — i^a^oo 

where we write = C°°(Xeven; AF). These membership statements do not rely 
on any cancellations, and since all these functions are in L'^{a\dh\; AY, K) near F, 
the integration by parts in (3.20) is justified. 

We summarize the above discussion and extend it to a quantitative version: 

Proposition 3.5. There exists a constant C > 0 such that for all a G C with 
Im cr > 0, we have the following estimate for u G C^y' 

\\u\\L^(a\dh\-H®H) < ■ (3.22) 


Proof. Write a = ie'-^a, 9 G (—7r/2,7r/2), cr > 0, as before. Let / = (d(cr) +i5(cr))M; 
in particular / G C'^y Then d{a)S{a)u = d{a)f, so 


{6{a)u,6{a)u}Hee-^-OH = 

— (d(a)S(cr)u,u}ff^g-2ieH — {fi5{(T)u)H^e-^'0H^ 

(3.23) 

and similarly 



{d{a)u, ( 

(3.24) 


Multiply (3.23) by e*®, (3.24) by e and take the sum of both equations to get 


P^{\\(Sia)u)Tf + \\{dia)u)xf) + (?(a)u)^f + ||(d(a)u)rf) 

= e*®(/,?(cr)u)^g5e-2.£)i/ + e"*®(/,d(cr)M)j/®e2-eff- 

Here, the norms without subscript are L'^{a\dh\;H © iL)-norms as usual. Taking 
the real part and applying Cauchy-Schwartz to the right hand side produces the 
estimate 

|ld(a)u|| + ||?(a)u|| < ^ll/ll = ^||/||. (3.25) 

cos 9 Im cr 

We estimate u in terms of the left hand side of (3.25) by following the arguments 
leading to (3.21): Put v = d{a)u and w = 5{a)u. Then iauT + dxaux = —avx', 
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we pair this with ut in L‘^{a\dh\\H) and obtain 

icrllMrlP + {uN^^xaur) = -{avN,UT). 
Using —SxauT + iaux = awT, this implies 

zctIImtIP - *d-||uAr|p = -{aVN,UT) + {uN,aWT), 


thus 

CT(e*®||uTr + = {avN.ur) - {uN,awT)- 

Taking the real part and applying Cauchy-Schwartz, we get 

(cos6»)||u|| < Icrr^dlaull -h ||aw||) < Icrr^dlvH -k \\w\\). 
In combination with (3.25), this yields (3.22). 


□ 


3.2. Boundary pairing and absence of non-zero real resonances. We pro¬ 
ceed to exclude non-zero real resonances for d -|- (5 by means of a boundary pairing 
argument similar to [41, §2.3]. 

Proposition 3.6. Suppose cr G K, cr ^ 0. If u G solves {d{a) + S{a))u = 0, 
then u = 0. 

Proof. Writing u = ut + a. dt A un as usual, we can expand (d(cr) -I- S{a))u = 0 as 

{adx — 6xO;)ut + icrux = 0 (3.26) 

—iauT + {—dxOL -I- aSx)uN = 0. 

Applying {—dxa + aSx) to the first equation and using the second equation to 
simplify the resulting expression produces a second order equation for ut, 

{dxctSxct aSxctdx ~ dxcf^dx ~ = 0. (3.27) 

Writing ut = utt + da A utn as in (3.6), we see from the definition of the space 
that 

UT G C^^)^T ■= a-*^"C~(Xeven;Ay) AF) 

near Y. Notice that the space ^ barely fails to be contained in Lf{a\dh\). 

We will deduce from (3.27) that ut = 0; equation (3.26) then gives ux = 0, 
as cr 7 ^ 0. Now, the L^(a|d/i|; i7)-adjoint of dxa is djfCi, hence even ignoring the 
term dxa^dx, the operator in (3.27) is not symmetric. However, we can obtain a 
simpler equation from (3.27) by applying dx to it; write vt = dxux G j., and 
near Y, 

VT = (^ii3cr-l~^ 1 : VTT,VTN G (Aeven; AF) . 

\^a ^ vtn ) 

Then vt satisfies the equation 

(dxaSxa — (7‘^)vt = 0 , 

and dxadxa is symmetric with respect to the L^{a\dh\; i7)-inner product. We now 
compute the boundary pairing formula (using the same inner product); to this end, 
pick a cutoff function y G C°°{X) such that in a collar neighborhood [0, d)„ x Yy 
of F in A, y = y(a) is identically 0 near a = 0 and identically 1 in a > d/2, and 
extend y by 1 to all of X. Define ye(a) = y(a/e) and y((Q;) = y'(a/e). Then 

0 = lim.{{{dxaSxa - a‘^)vT, X^vt) - {vt, XeidxaSxa - a‘^)vT)) 

e —)-0 

= lim(i;T, [dxadxa, Xe]vT)- 


(3.28) 
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The coefficients of the commutator are supported near Y, hence we use (3.11) to 
compute its form as 


[dxo:Sxa,Xe] 


/ dyaSya dyad^a \ 

daad^a + dyaSyaJ ’ 


/ 0 dya[d^,Xe]a\ 

V^a,Xe]a<5Ya [daad^a,Xe]J 

-if 0 -p-^{a^+0{a^M,dy \ 

\x!^a5ya - da(.a^ + 0{a^))l3 ‘^x'J ' 


In (3.28), the off-diagonal terms of this give terms of the form 


q,t*/3o'q,±i/3(t 1 ^ ^a^x'e^ da\dk\ (3.29) 

with V G C“(Xeven)) ^md are easily seen to vanish in the limit e —>■ 0. The non-zero 
diagonal term gives® 

e ^{a (x(a9*a — 9aa^/3 ^Xe)Q^ ^T^Tn) L'2(X-aP da\dk\-hY-p-'^K) 



= ^j J{vTN,i^ '^o-VTN)Ke ^Xeda:\dk\ + o{l) 

-‘2ifd~^(T\\vTN\Y\\'l^y^\dk\-KX 

here, both summands in the pairing yield the same result, as is most easily seen 
by integrating by parts in a, hence the factor of 2, and the o(l)-term comes from 
differentiating vtn, which produces a term of the form (3.29). We thus arrive at 

0 = {{dxoidxa — (t'^)vt, vt) — {vt, {dxotdxa — (t‘^)vt) = —2i/l“^(T|juT7v|Y||^, 


whence uta|y = 0 in view of cr 0, so we in fact have 


Vt = 


^Vtt\ 


vtN 


J’ 


eC“(Xeve„;Ar). 


(3.30) 


For the next step, recall that on a manifold with boundary X, 0-vector helds, 
introduced by Mazzeo and Melrose [39] to analyze the resolvent of the Laplacian 
on asymptotically hyperbolic spaces, are smooth vector fields that vanish at dX, 
i.e. are of the form aV, where 1^ is a smooth vector field on X, and a, as in our 
case, is a boundary defining function, i.e. in local coordinates a linear combination, 
with smooth coefhcients, of ada and ady- Further, 0-differential operators, A G 
Diffo(X), are the differential operators generated by these (taking finite sums of 
finite products, with C°°{X) coefficients). As a contrast, b-vector fields are merely 
tangent to dX, so in local coordinates they are linear combinations, with smooth 
coefhcients, of ad^ and dy., and they generate b-differential operators DifFb(X). 
Often, as in our case, one is considering solutions of 0-differential equations with 
additional properties, such as having an expansion in powers of a (and perhaps 
log a) with smooth coefhcients, i.e. polyhomogeneous functions. In these cases 
aDiffb(A') C DifFo(Jf) acts ‘trivially’ on an expansion in that it maps each term 
to one with an additional order of vanishing, so in particular, one can analyze the 
asymptotic expansion of solutions of 0-differential equations in this restrictive class 
by ignoring the aDiffb(X) terms. Notice that ady. G aDiffb(W) in particular, so 


^Recall that the volume density is given by Q:|dh| = afi da\dk\, and the fiber inner product in 
the (TAi)-component is 
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the tangential 0-derivatives can be dropped for this purpose. The indicial equation 
is then obtained by freezing the coefficients oi A G Diffo(X) at dX, i.e. writing it 
Sfe /3 o.k,p{oi,y){ada)^{adyY , where ak ^/3 are bundle endomorphism valued, and 
restricting a to 0 , and dropping all terms with a positive power of ady, to obtain 
J2k^k,o{0,y){c‘da)^ . This can be thought of as a regular-singular ODE in a for 
each y, its indicial roots are called the indicial roots of the original 0 -operator, and 
they determine the asymptotics of solutions of the homogeneous PDE with this a 
priori form. 

Now dxCiSxCt — (T^ G DiffQ(X) is a 0-differential operator which equals 

dxaSxa - ^^ = ( 0 - a^) 

modulo aDiff^(X); hence its indicial roots are — 1. In particular, —ij3a j, 
j G No, is not an indicial root. Thus, a standard inductive argument starting with 
(3.30) shows that vt G C°°{X;AX). 

Next, we note that vt lies in the kernel of the operator 

dxctSxa + a~^Sxa^dx — G DiffQ(X; °AX), 

which has the same principal part as hence is principally a 0-Laplacian; thus, 

we can apply Mazzeo’s result on unique continuation at inhnity [38] to conclude 
that the rapidly vanishing vt must in fact vanish identically. 

We thus have proved dxux = 0. Since ut satisfies (3.27), we deduce that ut 
itself satisfies 

{dxCtSxQ: — (T^)ut = 0, 

thus repeating the above argument shows that this implies ut = 0 , hence u = 0 , 
and the proof is complete. □ 

3.3. Analysis of the zero resonance. We have shown now that the only potential 
resonance for d-|-(5 in Im cr > 0 is cr = 0 , and we proceed to study the zero resonance 
in detail, in particular giving a cohomological interpretation of it in Section 3.4. 
We begin by establishing the order of the pole of {d{a) -I- <5((t))“^: 

Lemma 3.7. {d{a) + <5((t))“^ has a pole of order 1 at a = 0. 

Proof. Since d{0) + <5(0) annihilates constant functions (which are indeed elements 
of C[^j), (d(cr) -I- i5(cr))“^ does have a pole at 0. Denote the order of the pole by 
N. Then there is a holomorphic family u{a) G C°°(X) with m( 0) ^ 0 such that 
(d(a) + S(a))u(a) = a^v, where v G C°°{X). Define u{a) = e®^‘^u(cr)|x S 
and v{a) = G then (d(0) -I- 6{0))u{a) = a^v{a). Moreover, since 

(d(0) -I- 5(0))u(0) = 0 and u{0) is non-zero. Lemma 2.2 shows that u(0) ^ 0. 

Let us assume now that N > 2. Eor cr G i(0,oo) close to 0, the quantitative 
estimate in Proposition 3.5 now gives 

M^)\\ ^ kr^^^lk(o-)ll < kllk(o')ll: (3-31) 

where we use the norm of L'^{a\dh\-,H 0 H).^ Notice that this does not imme¬ 
diately give m( 0) = 0 since u(0) ^ L‘^{a\dh\;H 0 H). However, we can quantify 

^Observe that in the notation of Section 3.1, we have <5o(0) = —(5(0), hence using the Riemann- 
ian fiber inner product H ^ H is natural when studying the zero resonance. 
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the degeneration of the L^-norm of v{a) as cr —?► 0. To see this, we first ob¬ 
serve that the L^-norm of p(cr) restricted to the complement of any fixed neigh¬ 
borhood of Y does stay bounded, so it remains to analyze the L^-norms of the 
four components of v{a) near Y in the notation of (3.7); denote these compo¬ 
nents by and a~^^‘^VNNicr), so that 

the S C°°(Xeven; AF) Uniformly. Since the fiber metric in this basis has 

a block diagonal form and any C°°(Xeven)-iiiultiple of is uniformly square- 

integrable with respect to the volume density a\dh\, the degeneration of the L^-norm 
of V is caused by the (TN) and (NT) components. For these, we compute, with 
w{a) G C°°(Xeven; AF) denoting any continuous family supported near F, 

^2(-i/3cr-l)|| ~||2_ 

= \\wi0)\\l2^Y,\dk\-K) j 



where x G C°°(X) is a cutoff, equal to 1 near a = 0. We can rewrite the integral 
using an integration by parts, which yields 

J J a-^^^^x'{(x)da = 0{\a\-^). 

Therefore, we obtain the bound ||u((t)|| = 0{\a\~^^‘^). Plugging this into (3.31), we 
conclude using Fatou’s Lemma that u(0) = 0, which contradicts our assumption 
that m(0) 7 ^ 0. Hence, the order of the pole is < 1, but since it is at least 1, it 
must be equal to 1. □ 

Next, we identify the resonant states. For brevity, we will write d = d(0), 
(5 = i5(0) and □ = 0^(0). 

Proposition 3.8. kerc”^ (d-I-<5) is equal to the space 

n = {uG :du = 0,Su = 0}. (3.32) 


Proof. Given u G with (d + 6 )u = 0, we conclude that Du = 0, and since 

□ is symmetric on L^{a\dh\',H 0 H), we can obtain information about m by a 
boundary pairing type argument: Concretely, for a cutoff x G C°°{X) as in the 
proof of Proposition 3.6, identically 0 near F, identically 1 outside a neighborhood 
of F and a function of a in a collar neighborhood of F, and with Xe(®) = x(ci/c)j 
x((a) = x^(Q^/e)j we have 

0 = — lim(xe(d(5 + d d)u, u) = lim((du, Sxeu) + (du, dxeu)) 

£->■0 £->0 

= lim(||x£'^^^Mf + \\x\^'^M\'^) + lim((du, [?,X£]u) + {du, [d,xf\u))- (3-33) 

e —>-0 e —>-0 


Since the commutators are supported near F, we can compute them in the basis 
(3.7). Let us write u = as in (3.10) with a — 0, then in view of (3.13), we have 


lS^,Xe]=e ^xi 


/o 

0 

0 

VO 


/3-2a + C)(a3) 
0 
0 
0 


+C>(a) 

0 

0 

0 


0 
0 

-/3-^ + 0 (a^) 




/ 


(3.34) 
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and since therefore only the (TT) and {NT) components of [S'i^,Xe]u are non-zero, 
we merely compute 

{5'^ u)tT — —SyUTT — Cl ^d^CX^UTN — Poi 

€ —SyUTT + ‘2 IS~‘^Utn — Pa~^d^Ujs[T + ClC°°(Xeven; AF), 
{S^u)nT = a~^5yUNT + da'^NN G a~^5yUNT + C°°(Xeven; Al^). 


Notice here that a~^da = 25^ indeed preserves elements of C“(Xeven; Al"). Now 
in (3.33), the pairing corresponding to the (1,2)-component of (3.34) is of the form 
(3.29) (recall that the volume density is a\dh\ = al3da\dk\) and hence vanishes in 
the limit e —t 0 , and we conclude that 


lim((5M, [(5,Xe]u) = — (JvwttIy,RattIy) + 2/3 {utn\y,unt\y) 

e—vO 

— /3((a“^i9*U7vr)|Y, maitIy) — /3“^(^ymait|y, unn\y), 


(3.35) 


where we use the L'^{Y, \dk\\K) inner product on the right hand side; we absorbed 
the factor of fS from the volume density a/3 da\dk\ into the functions in the pairings. 
In a similar vein, we can use (3.12) to compute 

/O 

1 




0 

VO 


0 0 
0 0 
0 0 
0 -a -1 


0 


0 

0 / 


(3.36) 


and 


= dfyUxT — Cxdylij'N — ^dy/5'UjVT 
G —Pa~^dyUNT + C°“(Aleven; AF), 

{d'^u)]yj^ = —a. ^daUjyT + dyUj^jy. 


Correspondingly, 

lim(du, [d,Xe]u) = — (c?YMAIt|y, MTtIy) + {{o!~^daUNT)\Y ,Unt\y) 

^ ^ (3.37) 

— {dyUN]y\y,UNT\Y), 


where we again use the L^{Y, \dk\-, K) inner product on the right hand side; notice 
with regard to the powers of /3 that on the (TiV) and {NN) components, the fiber 
inner product is j3~‘^K. 

As a consequence of these computations, we conclude that the pairings in (3.33) 
stay bounded as e —>■ 0, hence du,Su G L'^{a\dh\; H 0 H) by Fatou’s Lemma. 
Looking at the most singular terms of d’^u and S'^u (again using (3.12) and (3.13)), 
this necessitates 

C^YMattIy = 0 , dyUNT\Y = 0- 

Therefore, taking (3.35) and (3.37) into account, (3.33) simplifies to 

0 = ||^u|P + |jdM|P + l3~^{{a~^daUNT)\Y,UNT\Y) 

— /3((a“^9*UArT)|Y, Unt\y) + ‘^/3~‘^{utn\y, mattIy)- 
Moreover, the fourth component of the equation (d + S)^u = 0 yields 

— {a~^daUNT)\Y + dyUNNW — SyU^N^ = 0 , 


(3.38) 

(3.39) 
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which we can pair with unt\y relative to L^(Y, \ dk\; K), and then an integration by 
parts together with (3.38) shows that the first boundary pairing in (3.39) vanishes. 
Likewise, the first component of {d + S)‘^u = 0 gives 

dyUTTlv — SyUtt\y + 2/3“^Wta|y — /3{a~^d^UNT)\Y = 0, 

which we can again pair with unt\y, and in view of (3.38), we conclude that the 
second line of (3.39) vanishes as well. Thus, finally, (3.39) implies that du = 0 and 
Su = 0. 

Conversely, every u G satisfying du = 0 and Su = 0 trivially lies in the kernel 
of d + 5. □ 

The above proof in particular shows: 

Corollary 3.9. Let u = '^u G he such that dSu = 0 (resp. S du = 0), 
and assume that unt\y = Then Su = 0 (resp. du = 0). In particular, 

kerc=° nL2 □ = "H C 

Proof. Suppose dSu = 0. With a cutoff function Xe as above, we obtain 
0 = — \irn{xedSu, u) = liin + lini(du, [d, Xe]u)- 

In view of (3.35) and unt\y = Oj the second term on the right hand side vanishes, 
and we deduce Su = 0. The proof that S du = 0 implies du = 0 is similar and uses 
(3.37). □ 

Corollary 3.10. We have ker □ = ker dS D ker S d. 

Proof. If u G kerD, then {d + S)u G TL, thus S{d + S)u = Sdu = 0 and ddu = 0. □ 

We record another setting in which the boundary terms in the proof of Proposi¬ 
tion 3.8 vanish: 

Lemma 3.11. Suppose v G is a solution of SdSv = 0. Then dSv = 0. 
Likewise, if v G is a solution of dSdv = 0, then Sdv = 0. 

Proof. Write w = Sv G C^y Then Sdw = 0 implies, by the proof of Proposi¬ 
tion 3.8, that dw G L'^{a\dh\-,H 0 H). Writing w = this in particular implies 
dywpfTlY = 0 ; but writing v = '^v, we have 

WnT = (“^ ^S^v)nT = SyVNT + OtdfpVNN, 

as follows from (3.15). Restricting to Y, we thus have wmt\y = SyVMTW-, and 
hence 0 = dySyVNTW■ We pair this in LSiY, |dfc|;R') with vmt and integrate by 
parts, obtaining SyUntW = 0. But this implies that ivntW = 0. By Corollary 3.9, 
this gives dw = dSv = 0. 

For the second part, we proceed analogously: Letting w = dv G we have 

dSw = 0, thus Sw G LS. This gives SyWMxW = 0; but by (3.14), wmt\y = 
—dyVNTW, therefore SyWNrW = 0 implies dyVNrW = 0 , so wnt\y = 0 , which in 
turn gives Sw = 0 by Corollary 3.9, hence S dv = 0. □ 


^®The latter is equivalent to assuming u S L'^(a\dh\). 
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3.4. Cohomological interpretation of zero resonant states. In this section, 
we will always work with a = 0 and hence simply write d = d(0), S = <5(0), d = (i(0), 
S = 5(0), □ = 0(0) and □ = 0(0). 

The space H defined in Proposition 3.8 is graded by the form degree, i.e. 

n 

= (3.40) 

k=0 

where is the space of all u G H of pure form degree k. In the decomposition 
(3.1), this means that ut is a differential fc-form on X, and un is a differential 
(k — l)-form. Likewise, K. kerO is graded by form degree, and we write 

n 

kerc^=^^Q = 0/C^ (3.41) 

k=0 

We aim to relate the spaces and to certain cohomology groups associated 
with X. As in the Riemannian setting, the central tool is a Hodge type decompo¬ 
sition adapted to d and 6: 

Lemma 3.12. The following Hodge type decomposition holds on X: 

C^) = kerc~ □ 0 ranc- □. (3.42) 

Proof. We first claim that such a decomposition holds on X, i.e. we claim that 

C'^(A) = kerD 0 ranD. (3.43) 

First of all, since □ is Fredholm with index 0, its range is closed, and the codi¬ 
mension of the range equals the dimension of the kernel. Hence, in order to show 
(3.43), we merely need to check that the intersection of kerD and ranD is trivial. 
Thus, let u G kerD H ranD, and write u = □?;. Let v = v\x. Then u G kerD 
means, restricting to X and using Corollary 3.10, that dS dSv = 0 and SdS dv = 0. 
Repeated application of Lemma 3.11 thus implies S dv = 0 and dSv = 0, hence 
6dv and dSv are supported in A \ A. (This argument shows the uniqueness of 
the decomposition (3.42).) Therefore ft is a solution of Du = 0 which is supported 
in A \ A. By unique continuation at infinity on the asymptotically de Sitter side 
A \ A of A, this implies u = 0, as claimed. 

Now if w e is given, extend it arbitrarily to u G C°°(A), apply (3.43) and 
restrict both summands back to A. This establishes (3.42). □ 

Remark 3.13. The decomposition (3.42) does not hold if we replace □ in (3.42) by 
d + 6. Indeed, if it did hold, this would say that Dw = 0 implies (d + 6)u = 0, since 
{d+S)u lies both in ker(d05) and ran(d05) in this case. Since certainly {d+S)u = 0 
conversely implies Du = 0, this would mean that kerD = ker(d + 6 ). Now by 
Lemmas 2.1 and 2.2, this in turn would give kerD = ker(d + 5). Now since □ and 
d+S are Fredholm with index 0, we could further deduce ker □* = ker((i05)*, where 
the adjoints act on the space C~°°{X) of supported distributions at the (artificial) 
Cauchy hypersurface dX, see [31, Appendix B]. Since we have ker(d0 5)* C kerD* 
unconditionally, we can show the absurdity of this last equality by exhibiting an 
element u in kerD* which does not lie in ker(d + S)*. This however is easy: Just 
let It = lx be the characteristic function of A. Then from (3.14) and (3.15), we 
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see that (d + S)u = du is a non-zero delta distribution supported at Y which is 
annihilated by <5. 

This argument shows that we always have kerD D ker(d -|- d). It is possible 
though that for some form degrees k (but this must fail for some value of 

k). For instance, this holds for fc = 0 by Corollary 3.9. We will give a more general 
statement below, see in particular Remark 3.18. 

We now define a complex whose cohomology we will relate to the spaces and 
K.^: The space n L'^{a\dh\) of smooth forms u = with unt\y = 0 has a 
grading corresponding to form degrees, thus 

n 

V ■= n L^{a\dh\) = 

fc —0 

Since in the above notation u G L'^{a\dh\) (and thus unt\y = 0) is equivalent to 
unt G Q;^C°°(Xeven; AF) near Y, one can easily check using (3.14) that d acts on 
n {a\dh\). We can then define the complex 

0 -)■ v° A . A -)■ 0. 

We denote its cohomology by 

'Hi 2 ,dR = ker(d: -G ran{d: -G V'=). (3.44) 

There is a natural map from into 

Lemma 3.14. Every cohomology class [m] G T~L \2 dR, ^o,s a unique representative 
u' G , and the map i: [u] u' is injective. 

Proof. Let [u] G dR) hence du = 0 and, writing u = 'ifu, umt\y = 0. We first 
show the existence of a representative, i.e. an element u — dv with v GP, which is 
annihilated by 5 . (Since it is clearly annihilated by d, this means u — dv G T-L^.) 
That is, we need to solve the equation S dv = Su with v G T>. To achieve this, we 
use Lemma 3.12 to write 

u = ui + {d6 + S d)u 2 , ui € kerD. 

By our assumption on u and Corollary 3.10, u and ui are annihilated by <5 d, giving 
SdSdu 2 = 0. By Lemma 3.11, this implies S du 2 = 0, hence 

u = ui+dSu 2 . (3.45) 

Applying d d, we obtain 

dSdSu 2 = dSu G L^. (3.46) 

Now writing U 2 = 'Y’u 2 , and noting that for any w = {'i^~^d‘^w)NT\Y = 

—dYWNT\Y as well as {^~^S^w)nt\y = Sywnt\y by (3.14) and (3.15), the (NT) 
component of times equation (3.46) reads dy(5ydydYU2,AT|Y = 0, which yields 
^yU 2 ,nt\y = 0- As a consequence of this, v := Su 2 G Lf and therefore d 5 u 2 G L^. 
Hence (3.45) gives ui G by Corollary 3.9 then, m G H, in particular m is 
annihilated by <5. Therefore, applying 6 to (3.45) yields 6 {u — dv) = 0, as desired. 
Next, we show that the representative is unique: Thus, suppose u — dvi,u — dv 2 G 
with u, Vi,V 2 G V, then with z; = ?;i — ri 2 S H, we have dv G thus S dv = 0, 
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and by Corollary 3.9, we obtain dv = 0. Therefore, u — dvi = u — dv 2 , establishing 
uniqueness, which in particular shows that the map i is well-defined. 

Finally, we show the injectivity of i: Suppose u € V satisfies du = 0. There 
exists an element v G T> such that u — dv G . Now if i[u] = 0, this precisely 
means that u — dv = 0; but then [n] = \dv] = 0 in □ 

From the definition of the space I?, it is clear that u G Td^ lies in the image of i 
if and only if u S L^, i.e. if and only if r(u) = 0, where r is the map 

r-. C°°{Y]KY), u = ^u^unt\y- (3.47) 

Thus, r extracts the singular part of u and thereby measures the failure of a given 
form u G to lie in V. Observe that if tt = G then dyUNTW — 0 and 
5yUnt\y = 0, i.e. r{u) is a harmonic form on Y. Since the space ker(Ayfe_i) of 
harmonic forms on the closed manifold Y is isomorphic to the cohomology group 
by standard Hodge theory, we thus obtain: 

Proposition 3.15. The sequence 

0 ^ ^L2_dR A A (3.48) 

is exact. Here, i is the map defined in Lemma 3. If, and r is the restriction map 
(3.47) (composed with the identification ker(Ay_fc_i) = H^~^{Y)). Moreover, the 
map i: TL ^2 (Jr TL^ D V is an isomorphism with inverse Td^ C I? 9 u i—>■ [w] G 

n/k 

^L2.dR- 

Proof. We only need to check the last claim. If m G H V, then [w] does define 
a cohomology class in TL ^2 and i([w]) is the unique representative of [m] which 
lies in TL^. Since u itself is such a representative, we must have i([u]) = u. For the 
converse, we note that for any [u] G Td \2 ^jr we have i([w]) = u — dv for some v GV, 
hence [i([u])] = [w — dv] = [u]. □ 

We can make a stronger statement: If we merely have u G kerD, then the proof 
of Proposition 3.8 shows that du, Su G Lfi, hence r{u) is harmonic. 

Proposition 3.16. We have a short exact sequence 

^ H^~^{Y)^0, (3.49) 

where the first map is i defined in Lemma 3. If (composed with the inclusion TL^ ^ 
K,^), and the second map is the restriction r, defined in (3.47) (composed with the 
identification ker(Ay_fc_i) = H^~^(Y)). 

Proof. The second map is well-defined by the comment preceding the statement of 
the proposition. Since the range of TL'l 2 ^r in consists of L^ forms, we have 

r o i = 0. Moreover, if u G kerr, then u is an L^ element of kerD, thus u G Td^ by 
Corollary 3.9. By the remark following the proof of Lemma 3.14, therefore u G ran*. 

It remains to show the surjectivity of r: Thus, let w G ker(Ay_/j_i), and let 
u' = ‘tou’ G be any extension of w, i.e. m)vtIy = w- Then (d + 6 )u' G V, 
since its {NT) component vanishes, and thus Du' G V. Writing u' = ui -\- □w 2 
with ui G kerD, we conclude that Dm' = 03u2; taking the {NT) component of 
this equation gives 0 = AyU 2 ^nt\y (where we write U 2 = ^**2 as usual), hence 
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dYU 2 ,NT\Y = 0 and SyU 2 ,nt\y = 0. But then 'OiU 2 G . Therefore, w = r{u') = 
r(ui + 0 ^ 2 ) = r{ui). Since the degree k part of ui lies in IC^ by the definition of 
ui, we are done. □ 

Remark 3.17. Remark 3.13, which states that C for some values of k, implies 
in particular that the last map of (3.48) is not always onto. 

Remark 3.18. Since dimT = n — 2, we have = 0 for fc = 0 and k = n. 

Hence, for these extreme values of k, Propositions 3.15 and 3.16 show = JC^ = 
71^2 and this holds more generally for all k for which = 0. 

The spaces are related to standard cohomology groups associated with 

the manifold with boundary X: First, notice that elements of the space T) = 
are not subject to any matching condition on singular terms, simply because the 
singular term {unt\y in the notation used above) vanishes. This means that we 
can split T) into tangential and normal forms, T) = Vt © where Vt consists 

of all ut S C°°{X-,AX) which are of the form 

Ut = ( ^ , UtT,UtN € C°°(Xeven; at), 

\aUTN ) 

near Y. Thus, elements ut S are forms of the type ut = utt + da f\ uutn = 
utt + ^dfiAuTN with utt, utn smooth AT-valued forms on Xeven; hence, we sim¬ 
ply have Vt = C°°(Xeven; AXgven)- Likewise, T>n consists of all € C°°{X;AX) 
which are of the form 

UN = ^ UnT,UnN G C°°(Xeven; at), 

V unn ) 

near Y. Thus, elements un G T’t are forms of the type auN = I^unt + \d^ A 
UnN-: therefore, O-Rn — (A^even, AAfeven) ■— \u G C (Aeven, AAeven) ■ j U — 0}, 
where j: 9Aeven ^ Aeven is the inclusion. 

Since the differential d on V acts as dx © {—a~^dxa) on Vt © ©’a, the coho¬ 
mology of the complex {V, d) in degree k is the direct sum of the cohomology of 
(Vt, dx) in degree k and of (aVx, dx) in degree (k — 1). Since we identified Vt as 
simply the space of smooth forms on Aevenj the cohomology of (VT,dx) in degree 
k equals the absolute cohomology i7^(Aeven) — H^iX)}"^ Moreover, since Pat is 
the space of smooth forms on Aeven which vanish at the boundary in the precise 
sense described above, the cohomology of (aVx, dx) in degree k equals the relative 
cohomology i7^(Xeven; ^Xeven) — H^(X\dX) (sec e.g. [49, §5.9]). In summary: 

Proposition 3.19. With 71^2 defined in (3.44), there is a eanonieal isomor¬ 
phism 

H’l2^^^ = H'^(X)®H'‘-\X,dX). (3.50) 

Let us summarize the results obtained in the previous sections: 

Theorem 3.20. The only resonance of d+S in Ima > 0 is a — 0, and 0 is a simple 
resonance. Zero resonant states of the extended operator (d-\-S on M) are uniquely 
determined by their restriction to X, and the space TL of these resonant states on 

^^Thus, elements (ut,ux) S T^t © T>x are identified with ut -Y a dt A rijv S T). 

^^We use that Xeven is diffeomorphic to X, with diffeomorphism given by gluing the map 
o? ^ a near Y to the identity map away from Y. 
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X is equal to kerc~^ d(0) H kerc~ ^(0)- -t^lso, resonant states on X are elements of 

ker(i(0) nker5(0). Using the grading H = ofH hy form degrees, there is 

a canonical exact sequence 

0 ^ H'^(X) 0 H'^-^(X,dX) ^ H'^-^{dX), (3.51) 

where the first map is the composition of the isomorphism (3.50) with the map i 
defined in Lemma 3.14, and the second map is the composition of the map r defined 
in (3.47) with the isomorphism ker(Ag^ j,_j^) = H^~^{dX). 

Furthermore, the only resonance of Og in Imcr > 0 is cr = 0. Zero resonant 
states^^ of the extended operator (Dg on M) are uniquely determined by their re¬ 
striction to X. The space K. = ©^^g C of these resonant states on X, 
graded by form degree, satisfying D TL'^, fits into the short exact sequence 

0 ^ H'^(X) © H^-^(X, dX) ^ ^ H’^-^{dX) 0, (3.52) 

with maps as above. We moreover have 

= h^{x) © h’^-^(x, dX) 

where {X, a\dh\', H © H). More precisely then, the summand H^{X) in 

(3.51) and (3.52) corresponds to the tangential components (in the decomposition 

(3.1) ^ of elements ofTL^ nL^, and the summand H^~^{X,dX) to the normal com¬ 
ponents. 

Lastly, the Hodge star operator on M induces isomorphisms *: 77^ ^ and 

-k: IC’^ fc = 0,...,n. 

Proof. We prove the statement about resonant states for d -\- S on the extended 
space M: Thus, if u G ker((i(0) + 5(0)), then the restriction of m to A lies in 
kerd(O) n ker5(0), therefore d{0)u = —S{0)u is supported in X \ X; but then 
□ (0)(d(0)w) = d{0)6{0)d{0)u = 0 and the asymptotically de Sitter nature of A \ A 
implies d{0)u = 0, hence also 5(0 )m = 0, as claimed. 

The only remaining part of the statement that has not yet been proved is the 
last: Viewing u G TL'^ as a t-independent A:-form on M = Kj x V (with the metric 

(1.1) ), we have {d + S)u = 0, and for any t-independent A:-form u on M, we have 
that {d + 6 )u — 0 implies u G TL^, where we view the t-independent form as a 
form on X valued in the form bundle of M, as explained in Section 2. Then 
u G TL^ is equivalent to du = 0, 5u = 0, which in turn is equivalent to Sfku) = 0, 
d{ku) = 0, and thus ku G 77"“^. The proof for the spaces is the same and uses 

= □*. □ 

This in particular proves Theorem 2. 

4. Results for static de Sitter and Schwarzschild-de Sitter 

SPACETIMES 

We now supplement the results obtained in the previous section by high energy 
estimates for the inverse normal operator family and deduce expansions and decay 
for solutions to Maxwell’s equations as well as for more general linear waves on de 
Sitter and Schwarzschild-de Sitter backgrounds. The rather detailed description of 

^^More precisely, we mean elements of kern(O); the latter space equals the space of zero 
resonant states if the zero resonance is simple. 
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asymptotics in the Schwarzschild-de Sitter setting will be essential in our discussion 
of Kerr-de Sitter space in Section 5. 


4.1. de Sitter space. De Sitter space is the hyperboloid {|a;p — P = 1} in (n + 
l)-dimensional Minkowski space, equipped with the induced Lorentzian metric. 
Introducing t = in t > 1 and adding the boundary at future infinity r = 0 to 
the spacetime, we obtain the bordified space N = [0, l)i- x Z with Z = S"“^, and 
the metric has the form 


9° = r “^9, 9 = dr'^ - x, dx), 


with h° even in r, i.e. is a metric on Z which depends smoothly on see 
Vasy [52, §4] for details. Thus, is a 0-metric in the sense of Mazzeo and Melrose 
[39]. Fixing a point p at future infinity, the static model of de Sitter space, denoted 
M, is the interior of the backward light cone from We introduce static coordi¬ 
nates on M, denoted (t, a;) S M x X, where X = Bi C is the open unit ball in 

and x G are the standard coordinates on with respect to which 

the induced metric on M is given by 


h = dx -\- 


g = dt^ — h, a = (1 — \x\^Y^'^, 
1 


1 - \x\ 


- {x ■ dxf = a ^ dr'^ -b r‘^ duj 


using polar coordinates (r, w) on near r = 1, and denoting the round metric 

on the unit sphere by We compactify X to the closed unit ball Xeven = 
Bi C and denote by X the space which is Xeven topologically, but with 

a added to the smooth structure. In order to see that the metric g fits into the 
framework of Theorem 3.20, note that dr = —ar~^ da, so 


h = r ^ da^ -b 

and r = (I — thus h is an even metric on the space X and has the form 

(1.2) with ,0=1. Using Theorem 3.20, we can now easily compute the spaces of 
resonances: 


Theorem 4.1. On an n-dimensional static de Sitter spacetime, n > 4, the spaces 
of resonances of □ and d S are 

/C0=-H° = (1), = = (r'^-^dtAdrAoj), 

where oj denotes the volume form on the round sphere S"“^. Furthermore, 

= {—a~^rdr -b a~^ dt),'H} = 0, X'^~^ = {*{—a~^r dr -b a~^ dt)},?{^~^ = 0, 

X^=n'^ = 0, k = 2,...,n-2. 

In particular, on 4-dimensional static de Sitter space, if u is a solution of {d-\-6)u = 
0 with smooth initial data, then the degree 0 component of u decays exponentially 
to a constant, the degree 1,2 and 3 components decay exponentially to 0, and the 
degree 4 component decays exponentially to a constant multiple of the volume form. 
Analogous statements hold on any n-dimensional static de Sitter space, n > 5. 


^^Since g® and the metric g, which is smooth down to r = 0, are conformally related, the 
images of null-geodesics for both metrics agree. 
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Proof. We compute the cohomological data that appear in (3.51) and (3.52) using 
X anddX ^ S”-^: 




fc = 0, 2,..., n — 2, n, 
fc = 1, n — 1 


dim 77'= (X) = 


1, fc = 0 


0 , 


dimH^-\X,dX) = 


^ 0 , 


1 , 


1 < fc < n, 


0 < fc < n — 1 
k = n. 


Thus, we immediately deduce 

dim/C° = dim/C^ = dim/C"“^ = dim/C" = 1, dim/C'= = 0, 


2 < k < n — 2, 


dim 77° = dim77" = 1, dim77'= = 0, 2 < k < n - 2. 

Now, since d + S annihilates constants, we find 1 S 7C° = 77° and *1 G /C" = 
77", which in view of the 1-dimensionality of these spaces already concludes their 
computation. 

In order to compute /C^, notice that we have = H^{dX) from (3.52), thus an 
element u spanning has non-trivial singular components at a = 0. One is led to 
the guess u = a~^ da -\- a~^ dt = —a~^r dr -|- a~^ dt, which is indeed annihilated by 
□ ; we will give full details for this computation in the next section when discussing 
Schwarzschild-de Sitter spacetimes, which in the case of vanishing black hole mass 
are static de Sitter spacetimes, with a point removed, see in particular the calcula¬ 
tions following (4.10); but since u as defined above is smooth at r = 0, we obtain 
□m = 0 at r = 0 as well by continuity. Since X^ is 1-dimensional, we therefore 
deduce X^ = {u). One can then check that {d + 6)u ^ 0, and this implies 77^ = 0. 
The corresponding statements for and 77"“^ are immediate consequences of 

this and the fact that the Hodge star operator induces isomorphisms Td} = 77"“'^ 

and/cl 

The high energy estimates for d S required to deduce asymptotic expansions 
for solutions of {d + S)u = 0 follow from those of its square □, which is principally 
scalar and fits directly into the framework described in [52, §2-4]. □ 

By studying the space of dual resonant states, one can in fact easily show that the 
0-resonance of □ is simple and thus deduce exponential decay of smooth solutions 
to Du = 0 to an element of 7C'= in all form degrees k = 0,... ,n. We give details in 
the next section on Schwarzschild-de Sitter space. 

In the present de Sitter setting, one can deduce asymptotics very easily in a 
different manner using the global de Sitter space picture, by analyzing indicial 
operators in the 0-calculus: Concretely, we write differential fc-forms (by which we 
mean smooth sections of the fc-th exterior power of the 0-cotangent bundle of N) 
as 

(4.1) 


_ u dr 1 _ i. 

u = T ut -At un, 

T 


where ut and are smooth forms on Z of form degrees k and (fc — 1), respectively. 
One readily computes the differential dk acting on fc-forms to be 

rdz 0 

—k + rdr —rdz. 


dh 
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Furthermore, by the choice of basis in (4.1), the inner product on /c-forms induced 
by is given by 

0 _ ({-If Hi 0 

" I 0 {-lf-^Hl_, 

Using that the volume density is \dg^\ = dT\dh'^\, we compute the codifferential 

Sk acting on fc-forms to be 

(-tSz -{k - 1) + (-t5z n - fc - + C>c“(A)('r) 

0 r<5^ ) = [ 0 r6z 

where d* is the L‘^{N, |dg|)-adjoint (suppressing the bundles in the notation) of 9r, 
and we use the even-ness of g° in the second step to deduce d* = —+ C>C“(Af) (''")■ 
Therefore, the indicial roots of d -I- <5 on the degree fc-part of the form bundle are k 
and n — k. 

Next, for 0 < /c < n, we compute the Hodge d’Alembertiand® 



□fc = dk-iSk + Sk+idk 

^-rdzrSz - rSzrdz - Pk 
-t6z 


rdz 

-rdzrSz - rSzrdz - Pk-i 


+ (''■) 


where Pk = {rOrf — {n — l)T9r -I- k{n — k — 1). Thus, the indicial polynomial of 
□fe is 


I{Ok){s) = 


— [n— l)s -I- k{n — k — V) 
0 


0 

— {n— l)s + {k — l)(n — k) 


On tangential forms, the indicial roots of Dfc are therefore k,n — 1 — k, and on 
normal forms, they are fc — 1, n — fc. We thus have: 


form degree 

0 

1 

2 < k < n — 2 

n — 1 

n 

tgt. ind. roots 

0, n — 1 

1, u — 2 

fc, n — 1 — fc 

0,n — 1 

- 

norm. ind. roots 

- 

0, n — 1 

k — l,n — k 

l,n- 2 

0, n — 1 


Hence in particular, all roots are > 0, and 0 is never a double root. Thus, the 
arguments of [50] (which are in the scalar setting, but work in the current setting 
as well with only minor modifications) show that solutions u to the wave equation on 
differential fc-forms on N with smooth initial data at r = tq > 0 decay exponentially 
(in — logr) if 0 is not an indicial root, and decay to a stationary state if 0 is an 
indicial root.^® Explicitly, scalar waves decay to a smooth function on Z, 1-form 
waves decay to an element of ^C°°{Z), fc-form waves decay exponentially to 0 for 
2<k<n — 2, {n— l)-form waves decay to an element of C°°(Z; A"“^Z), and 
n-form waves finally decay to an element of ^ A C°°(Z; A^~^Z). 

Since the static model of de Sitter space arises by blowing up a point p at future 
infinity of compactified de Sitter space and considering the backward light cone from 
p, we can find the resonant states for the static model by simply finding the space 
of restrictions to p of the asymptotic states described above; but since the fibers of 
hP{Z) and A”“^(Z) are 1-dimensional, hence we have reproved Theorem 4.1. 


deal with the cases fc = 0 and k = n simultaneously with l<fc<n — Iby implicitly 
assuming that for k = 0, only the (1, l)-part of this operator acts on 0-forms, and for k = n, only 
the (2, 2)-part acts on n-forms. 

^®Of course, since we know all indicial roots, we could be much more precise in describing the 
asymptotics, but we only focus on the 0-resonance here. 
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We point out that if one wants to analyze differential form-valued waves or 
solutions to Maxwell’s equations on Schwarzschild-de Sitter space, there is no global 
picture (in the sense of a 0-differential problem) as in the de Sitter case. Thus, the 
direct approach outlined in the proof of Theorem 4.1 is the only possible one in this 
case, and it is very instructive as it shows even more clearly how the cohomological 
interpretation of the space of zero resonant states can be used very effectively. 

4.2. Schwarzschild-de Sitter space. The computation of resonant states for 
Schwarzschild-de Sitter spacetimes of any dimension is no more difficult than the 
computation in 4 dimensions, thus we directly treat the general case of n > 4 space- 
time dimensions. Recall that the metric of n-dimensional Schwarzschild-de Sitter 
space M = X X, X = (r_,r+)r. x S"“^, with r± defined below, is given by 

g = dr'^ + 

where duj^ is the round metric on the sphere and fi = 1 — — Ar^, 

A = (^n- 2 ){n-i) ’ ■'^here the black hole mass M, and the cosmological constant A are 
positive. We assume that 

which guarantees that /i has two unique positive roots 0 < r_ < r_|_. Indeed, let 
Jl = r“^/i = — A. Then Jl' = —2r“"'(r"“^ — (n — 1)M,) has a 

unique positive root rp = [{n— > 0 for r S (0,rp) and g,'{r) < 0 

for r > Tp; moreover, Jl{r) < 0 for r > 0 small and Jl{r) —)■ —A < 0 as r —>■ oo, 
thus the existence of the roots 0 < r_ < r_|_ of ^ is equivalent to the requirement 
girp) = — A > 0, which leads precisely to the inequality (4.2). 

Define a = thus da = dr, and 


then the metric g can be written as 
g = dt^ — h, 

where /3± = Thus, if we let Afeven = [i"-,r+]r x with the standard 

smooth structure, then /3± = I3± modulo a‘^C°° {Xeven), where we note that r is a 
smooth function of fi, thus an even function of a, near r = r±m. view of g'{r±) ^ 0. 
The manifold X is Xeven topologically, but with smooth functions of a = added 
to the smooth structure. We denote Y = dX = U S"“^. 

By the analysis in Section 2, all zero resonant states u, written in the form (3.7) 
near Y, lie in the space defined in (3.9). In the current setting, it is more 
natural to write differential forms as 

u = utt + a~"^ dr utn + 01 dt unt a dt f\ a~^ dr umn , (4.3) 

since a~^ dr has squared norm —1 (with respect to the metric g). We compute how 
the matching condition on the singular terms of u, encoded in the /3±a“^ entry of 
the matrix changes when we thus change the basis of the form bundle: Namely, 
we have (i±a~^ da = {^1 + 0^0°°{Xeven))oi~^a~^ dr; thus, for u written as in (4.3), 


g'{r±) 
h = da^ + r^ du"^, 
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we have 


u £ C 


(0) 


near r = r±, where 


/ Utt^ 



Utn 

e 


UxT 



\UXN/ 




A 

0 

C 


0 

a 

TQ 


0 

0 

a~ 



0 

C 


/C~(Xeve„;AS"-2)\ 

C~(Xeve„;AS"-2) 

C~(Xeven;AS"-2) 

VC~(Xeven;AS"-2)y 


0 

0 

V 


(4.4) 


We now proceed to compute the explicit form of the operators dp, 6p and Dp, where 
the subscript p indicates the form degree on which the operators act. First, we 
recall (3.2) and (3.4) in the form 


dp — 


dx,p 


V 


0 


-a ^dx,p-ia 


6p = 


—a ^Sx,pC( —a ^di 
'Sx,p-i 


0 


and these operators act on forms u = ut + a dt f\ ux, with ut and ux differential 
forms on X. Writing forms on X as v = vt + ol~^ dr A vx, we have 


dx,p = 


d§n-2p 0 

tydj' dgn—2 p— 


(4.5) 


In order to compute the codifferential, we observe that the volume density on X 
induced by h is given by dr\dui\, while the induced inner product on the 

fibers on the bundle of p-forms is 


Hp = 


0 


0 

r-2(p-l)0 ^ 


where ilp is the fiber inner product on the p-form bundle on S" Therefore, 


Sx,p = 




d: 


2 p ^r,p—1 

0 


'gn-2 p_i^ 

-2(p-l)^n-2 


(4.6) 


We obtain: 

Lemma 4.2. In the bundle decomposition (4.3), we have 

2 ,p 


dp — 


/ dsn-2p 0 

adr —d^n- 

a~^dt 

V 0 et Ut 


•p-i 

0 

a~^dt 


(l^ri — 2 p_l U 

dj-G. dgfi —2 p — ‘2 j 


(4.7) 


and 


(- 


Sp = 


r ‘dV-Ap -a~^d*p_^a 

0 r“^(5sr.-2^p_i 

0 0 r“2(5s„-2 

0 0 


0 

— 

-r '^Sgr^-2p_2j 


0 


,p—l ^r,p—2 

0 --2 


(4.8) 
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Moreover, 


-r'Dp = 


( 

Ap 


—2ardp. 

-1 

0 


0 




-2ar~ 


Ap_i 


-r‘^p~ 

^li'dt 

0 



0 


2 — 1 
-r // /i 

'dt 

Ap. 

-1 

—2ardp. 

-2 


V 

0 


0 


2ar~ 

'<5p_i 

Ap_2 




^r,p 

a'^dr 


0 


0 



0 


0 


r'^adr-a 

r,p- 

-!« 

0 



0 


0 



0 


p2g* 

r,p- 

_idra 


0 


0 



0 


0 

p2 

drad 


-^du 

0 


0 


0 ^ 





0 

r^p. 

^dtt 

0 


0 





0 

0 

p2 

u~^dtt 


0 





0 

0 


0 

9 

r^p 

-^dtt) 





(4.9) 


We can now compute the spaces /C and % of zero resonances for □ and d + 6 and 
deduce asymptotics for solutions of (d + S)u = 0: 


Theorem 4.3. On an n-dimensional Schwarzschild-de Sitter spacetime, n > 4, 
there exist two linearly independent 1-forms u± = fi,±{r)p~^ dr + / 2 ,±(r)dt G 
Kf — kerDi C and we then have: 

IC°^n° = {l), K.^ = (r'^-'^dtAdrAu:), 

where uj denotes the volume form on the round sphere S”“^. Furthermore, 

= {u+,u-),n^ = 0 , = 0 , 

/C'=='H*^ = 0, fc = 3,...,n-3. 

For n = 4, 

K? ='H^ = {uj, dt A dr), 

while for n > 4, 

= (r-(”-2) dt A dr), /C”-^ = = (w). 

In particular, on A-dimensional Schwarzschild-de Sitter space, if u is a solution of 
{d + S)u = 0 with smooth initial data, then the degree 0 component of u decays 
exponentially to a constant, the degree 1 and degree 3 components decay exponen¬ 
tially to 0, the degree 2 component decays exponentially to a linear combination of 
UJ and r~^ dt A dr, and the degree 4 component decays exponentially to a constant 
multiple of the volume form. Analogous statements hold on any n-dimensional 
Schwarzschild-de Sitter space, n > 5. 

Proof. First, we observe that H'^(X) ^ id'=(S"-2), H’^-^(X,dX) ^ H^-'^(X) ^ 
Poincare duality, and H'^-^(dX) ^ 0 

Thus, the short exact sequence (3.52) immediately gives the dimensions of the 
spaces IC^, and (3.51) gives the dimensions oiH^ for all values of k except k = 1 
and fc = n — 1. 

We now compute H and K, in the case n = 4. For k = 0, the short exact sequence 
(3.52) reads 0 —>■ H^{X)(B0 —)■ —)■ 0 —)■ 0, and since H^{X) = ([1]), this suggests 
1 as a resonant state for □ on 0-forms (i.e. functions), and indeed □! = 0, hence 


^^The forms u± have a simple explicit form, see (4.10) and Footnote 18. 
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/C° = (1). Theorem 3.20 also shows that THP = KP. Then we immediately obtain 
_ ^4 _ dt /\ dr f\uj). 

Next, we treat the form degree k = 2. Then (3.52) reads 0 —)■ H^{X) 0 
H^{X,dX) —>• —7^ 0 —>■ 0. Now H'^{X) = ([w]), and a generator of H^{X,dX) is 
given by the Poincare dual of w (which generates H^{X)). This suggests the ansatz 
u = f(r)uj for an element of (the latter equality following from (3.51)), 

and then -ku will be the second element of a basis of /C^. Now, in the decomposition 
(4.3), we compute using Lemma 4.2 that 62 { 0 )u = 0 for m = /(r)w, and 


^ 2 ( 0 )^ 


ff{r)uj'\ 


( ° \ 

0 


af'{r)uj 

0 


0 

V 0 ^ 


1 0 ; 


which vanishes precisely if f{r) is constant. 

The analysis of resonant states in form degree fc = 1 is just a bit more involved. 
Since (3.52) now reads 0—>-000——)■ iL°(S^ U S^) —)■ 0, every non-trivial 
element u of fails to be in L^(a|d/i|), and in fact the singular behavior is expected 
to be M = with UNT\r=r± = c± G C, since iL°(S^ U S^) is generated by locally 

constant functions, which are therefore constant on r = r_ as well as on r = r_|_. 
We thus make the ansatz 


u = a ^fi{r)a ^dr + adtAa ^/ 2 (t). 


(4.10) 


We then compute 


and by definition of d*p 
ODEs 


/ 


0 


adra ^d*Qfi 

dlodrf2 

0 


\ 


—□i(0)m = 

in (4.6), this vanishes if and only if fi and /2 satisfy the 


drr ‘^drr'^fi = 0 , 

r~^drr^drf2 = 0 . 


The general form of the solution is^® 


fi{r) = fur + fi 2 r 
f2ir) = / 2 I + /22T“\ 


fjk € C, j, A: = 1, 2. Now recall that resonant states are elements of and thus 
satisfy a matching condition in the singular components, which is captured by the 
matrix (4.4). Concretely, we require f 2 {T-) = /i(c-) and / 2 (?"+) = —/i(7"+); in 
terms of fjk, j, A: = 1, 2, these conditions translate into 


-1 -rzq 

ffii\ 

fl2 

1 ) 

/ 2 I 


\f 22 J 



n-dimensional Schwarzschild-de Sitter space, the exponents 2 and —2 in these ODEs get 
replaced by n — 2 and 2 — n, and the general forms of the solutions are /i(r) = fur + 
and / 2 (r) = /21 + / 22 r^~^. The subsequent analysis of the matching conditions goes through 
with obvious modifications. 











ASYMPTOTICS FOR DIFFERENTIAL FORMS 


33 


Since the 2x4 matrix on the left has rank 2, we get a 2-dimensional space of 
solutions. In fact, it is easy to see that we can freely specify the values /i(t_) 
and /i(r+), and /i and /2 are then uniquely determined. To be specific, we can for 
instance define u+ S JC^ to be the 1-form with /i(r_) = 0, fi{r+) = 1, and U- G 
to be the 1-form with /i(r_) = l,/i(r_|_) = 0, and we then have = (w+,u_), as 
claimed. 

Next, since TL^ C computing simply amounts to finding all linear com¬ 
binations of U- and which are annihilated by both di(0) and i5i(0). But 


di(0) 


requires /2 to be constant, and 


5i(0) 


( ^ 


( ^ \ 

a Vi(^) 


0 

a~^f2{r) 


0 

\ 0 ^ 


{-drf2j 


= 0 


( I® ^ 


/-a ^a*o/i\ 

a ^hir) 


0 

a~^f2ir) 


0 

V 0 y 


1 0 / 


= 0 


implies r ^drv'^fi = 0, hence /i{r) = /i(r_)(r/r_) The matching condition 
requires fi{r+) = /i(r_)(r+/r _)“2 = -/2(r+) = -/2 (t-) = -/i(t_) and is there¬ 
fore only satisfied if /i(r_) = 0, which implies /i = 0 and /2 = 0. This shows that 
7i^ = 0 and finishes the computation of the spaces of resonances for n = 4. The 
computation for spacetime dimensions n > 5 is completely analogous. 

Finally, the statement about asymptotics of solutions to {d + S)u = 0 follows 
from the above computations combined with high energy estimates for d + S, which 
follow from those for □, and Lemma 3.7.^® Once we check the normally hyperbolic 
nature of the trapping and show that the subprincipal symbol of □ (or a conjugated 
version thereof), relative to a positive definite fiber inner product, at the trapping 
is smaller than ^'min/2, where i^min is the minimal expansion rate in the normal 
direction at the trapped set, we can use Dyatlov’s result [23] to obtain a spectral 
gap below the real line, i.e. the absence of resonances in a small strip below the reals, 
which combines with the general framework of [52] to yield the desired resonance 
expansion of solutions with exponentially decaying error terms; see [30, §§4.4, 5] 
for further details. 

The dynamics of the Hamilton flow at the trapping only depend on properties 
of the scalar principal symbol g of □. For easier comparison with [22, 52, 56], we 
consider the operator V = —r^D. We take the Fourier transform in —t, obtaining a 
family of operators on X depending on the dual variable r, and then do a semiclas- 
sical rescaling, multiplying V hy hf, giving a second order semiclassical differential 
operator Ph, with h = [t]”^, and we then define z = hr. Introduce coordinates on 
T* X by writing 1-forms as ^dr + g duj, and let 


:= rV = r2(l - Ar^) - 2M,r^-", 


{d(cr) + 5{a))~^ had a second order pole at 0, then solutions to {d + 5)u = 0 would 
generically blow up linearly; the simplicity of the pole ensures that solutions stay bounded with 
the asymptotic stationary state given by an element of "H. 
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then the semiclassical principal symbol p of Ph is 

p=A,e-^/+\v\^ 

and correspondingly the Hamilton vector field is 
Hp = 2Ar^dr — (j^rAr^'^ — 

We work with real z, hence z = ±1. We locate the trapped set: If HpT = 2Ar^ = 
0, then ^ = 0, in which case HpT = 2ArHp^ = 2Ardr{r^/Ar)z^. Recall the 
definition of the function p = p/r^ = A^/r^, then we can rewrite this as H^r = 
—2Ar'p~'^{drp)z^. We have already seen that drP has a single root Vp S (r_,r+), 
and {r — rp)drP < 0 for r 7 ^: Vp. Therefore, HpT = 0 implies (still assuming HpV = 0) 
r = Tp. Thus, the only trapping occurs in the cotangent bundle over r = rp\ Indeed, 
define F{r) = (r — r^)^, then HpF = 2(r — rp)FIpr and F[pF = 2(iJpr)^ + 2(r — 
rp)Hpr. Thus, if HpF = 0, then either r = Vp, in which case HpF = 2{Hpr)'^ > 0 
unless HpV = 0, or HpV = 0, in which case H^F = 2 (r — rp)H'^r > 0 unless r = rp. 
So HpF — O^p = 0 implies either H^F > 0 or r = rp.HpV = 0. Therefore, the 
trapped set in T* X is given by 

{r,uj;^,r]) G Tn := |(rp, w; 0, ry): — 

and F is an escape function. The linearization of the Hp-fiow at T^j in the normal 
coordinates r — Vp and ^ equals 


r (r-rp\_ f 0 

C )-\2{n-i)rp\p\,=rX^z^ 

+ 0(|r-r,p + |Cp), 



where we used drrp\r=rj, = — 2 (n — 3)rp^, which gives d^p = — 2 (n — 3)rp‘^{r — 
Tp) + C>(|r — rpp). The eigenvalues of the linearization are therefore equal to ir'min, 
where 


= 2 ri, 


n — 1 


1/2 


1 - 


n-l 2 \ 
n-3^P^. 


> 0 . 


The expansion rate of the flow within the trapped set is 0 by spherical symmetry. 


since integral curves of Hp on are simply unit speed geodesics of S" 


This 


shows the normal hyperbolicity (in fact, r-normal hyperbolicity for every r) of the 
trapping. 

It remains to bound the imaginary part of 7^ = —in terms of Pmin in order 


to obtain high energy estimates below the real line, 
show that 


More precisely, we need to 


at the trapped set (cf. the discussion in [30, §5.4]), where we take the adjoint 
with respect to some Riemannian inner product B, to be chosen, on the bundle 
^pgn -2 0 ^p-ign -2 q ^p-ign -2 q ^p- 2 gn- 2 . that Q is a self-adjoint section 

of the endomorphism bundle of this bundle. An obvious guess is to use B = H (B H 
in the tangential-normal decomposition (3.6), thus 


B = r-^PQp 0 0 r-2(P-i)Op_i 0 
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In this case, the expression (4.9) shows that the only parts of V that are not 
symmetric with respect to B at the spacetime trapped set 

r = {(t,rp,a;;r,0,r?): = |ryp}, 

are the (2,3) and (3,2) components; thus, taking adjoints with respect to B, we 
compute 

/O 0 0 0 \ 

0 0 ±rVV' 0 

0 ±rVV' 0 0 

yo 0 0 0/ 

at r, with the sign depending the sign of r. Now (/r/r^)' = 0 at r = implies 
= 2rp; the eigenvalues of Q are therefore ±2rp, and they are bounded by 
L'min/2 if and only if 


Q = 


rpX > 


(5 — n)(n — 3) 


4(n - 1) ’ 

which in spacetime dimensions n > 5 is always satisfied. In dimension n = 4 
however, the condition becomes r^X > 1/12, or 

9M,A > i, 

4 


while the non-degeneracy condition (4.2) requires 9M,A < 1. Therefore, only for 
very massive black holes or very large cosmological constants does the above choice 
of positive dehnite inner product B yield a sufficiently small imaginary part of V. 
In fact, for parameters M, and A with 9M,A < 1/4, the endomorphism Q is not 
bounded by t'min/2 for any choice of B. To overcome this problem, one needs to 
allow S to be a pseudodifferential inner product on the form bundle, depending on 
the position in phase space rather than physical space; equivalently, one can replace 
V by QVQ~^, where Q, an elliptic pseudodifferential operator acting on the form 
bundle, is chosen in such a way that QVQ~^, relative to a Riemannian inner product 
on the form bundle, e.g. B, has (arbitrarily) small imaginary part, which is in 
particular bounded by r'min/S. Pseudodifferential inner products are introduced by 
Hintz in a recent paper [28] , where these claims are proved for general tensor-valued 
waves on Schwarzschild-de Sitter spacetimes with spacetime dimension n > 4; the 
point of view of pseudodifferential inner products shows precisely what the special 
structure of the subprincipal part of □ at the trapped set is that makes such a 
choice of a pseudodifferential inner product (equivalently, a choice of a conjugating 
operator Q) possible. □ 


We can in fact prove boundedness and asymptotics for solutions of the wave 
equation on differential forms in all form degrees as well. To begin, write 

4 

{d{a)+^{a))-^ = a-^A_i+0{l), A_i = ^(•, (4.11) 

4 = 1 

near cr = 0, where {4’j}j=i,...A is a basis of the space of resonant states and 
is a basis of the space "H* = ker(d(0) -I- ^(0))* of dual states.There¬ 
fore, we need to understand the dual states of d -I- 5 in order to understand the 


After choosing the (j>j, say, the are uniquely determined. 
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order and structure of the pole of □(cr)”^ = {{d{a) + (5(cr))“^)^ as cr = 0. Notice 
here that the adjoint {d{a) + S{a))* acts on distributions on X which are supported 
at the Cauchy hypersurface dX (see [31, Appendix B] for this and related notions). 
In particular, an element u £ ker(c?(tT) + S{a))* satisfies u G kern(CT) and is a sup¬ 
ported distribution at dX, thus by local uniqueness, u vanishes in the hyperbolic 
region X\X, hence suppw C X. 

Lemma 4.4. The spaces TL^ and /C* of dual states for d + S and □, respectively, 
on n-dimensional Schwarzschild-de Sitter space, n > A, are graded by form degree, 
Td* — ~ have the following explicit descriptions: 

= {lx),n° = 0, = {lxr^-^dtAdrAuj),n^ = 0, 

Td-l = {Sr=r- dr, Sr=r+ dr), = {5r=r_ dr A OJ, Sr=r+ dr A uj), 

n^=0, k = 2,...,n-2, 


where uj denotes the volume form on the round sphere S" Furthermore, = 'Hf, 
and 

JCl=Q, fc = 3, ...,n-3. 

For n = 4, 

= (IjfW, dt A dr), 

while for n > 4, 

ICl = (Ur"-" dt A dr), /Cr" = (Uw). 

We have {(j),'ip) = 0 for all (f G TL, ip G 

Proof. For computing the dual resonant states, we need to compute the form of 0(0) 
near the two components of dX = U S””^. Since dual states are supported 
in A^even, it suffices to compute since any smooth extension of this 

operator to X agrees with 0(0) in X and to infinite order at 9Xeven,"^ thus the 
difference annihilates dual states. Using Lemma 4.2, we compute 


—^□p(0 )'^± = r 


„-i 


V 


dfpO^dr 
—2r~^Sp 
0 
0 



^Ap 

0 

0 

0 \ 

2 

0 

Ap_i 

0 

0 


0 

0 

Ap_i 

0 



0 

0 

Ap_2/ 


-2a2 

r-Up_i 


±2r-i 

dra ^ 

a*p_ia" 

±(2(p 

-1)- 


dp—I 


adfp_idr 


0 

4-2r dp—2 
—2a^r~^dp-2 


0 —2r dradfp _2 J 

where the Laplace operators, differentials and codifferentials are the operators on 
gn- 2 _ (Joes extend to an operator acting on smooth functions on {r± — S,r± + 
d) X S"-", <5 > 0 small, near r±. 

Now for p = 0, clearly a~^df Qa'^drlx = Tc«-^9*o(l^'^r’=r±) = 0, hence /C° = 
(lx)- (Observe that since 00 ( 0 ) is Fredholm of index 0 and has a 1-dimensional ker¬ 
nel according to Theorem 4.3, the space of dual 0-form resonances is 1-dimensional 
as well.) Likewise, for p = n, we have 

9 rai 9 *„_ 2 (lx?'"-^ dt Adr Aui) = —9r/rr”-"9r.(lx dt Adr Aw) = 0, 


^^Since the Schwarzschild-de Sitter metric is analytic, we in fact do not have to make any 
choices. 
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confirming /C" = (Ixt" dt A dr A oj). By completely analogous arguments, we 
find dt A dr G K-l and 

In order to proceed, notice that d(0) + d(0) maps /C* into 'H*. Hence, we can 
find dual states for d + d by applying d( 0 ) + 5(0) to the dual states of □ that we 
have already identified. For this computation, we note 


Mp(0)'^± = 


i(5p(0)-^± = 


fd. 


0 

0 


0 




dr 

— (is„-2 p_i 

0 


0 





0 

0 

dgTi-2 


0 


5 


V 

0 

0 

— dr 

ds"- 

-Ap- 

-2y 



/- 


-2p 

_^o? ±a“ 

^d* 

r,p 

-1 


0 

\ 

0 


p-i 

0 





0 

0 

r~'^di 

3"-2,p 

-1 


adlp-2 


V 

0 

0 


0 


- 


2 / 


Thus, (do(0) + do(0))lx and (^ 2 ( 0 ) + d2(0))(lxT^“" dt A dr) are both linear combi¬ 
nations of 5r=r± dr, hence dr=r-± dr G TdJ C /Cj, and similarly (d„(0)-|-i5„(0))(lx*l) 
and (d„_2(0) -I- d„_2(0))(lxw) are both linear combinations of dr=r± dr A w, hence 
5r=r± drAujG C 

We have therefore identified 4 and 8 linearly independent dual states for d-l-d and 
□ , which is equal to the dimensions of % and JC, respectively, and since d(0) -I-15(0) 
and □( 0 ) have index 0 , all dual states are linear combinations of these, i.e. we have 
thus identified a basis of the spaces of dual states. The orthogonality of resonant 
and dual states for d-l-d follows immediately from the explicit forms of both derived 
in Theorem 4.3 and in this lemma: All dual states have form degree 1 or n — 1, 
while all resonant states have form degree 0 , 2 , n — 2 or n. □ 


The orthogonality statement in Lemma 4.4 combined with (4.11) immediately 
gives = 0, hence the coefficient of cr“^ in the Laurent expansion of □(cr)“^ 
at cr = 0 vanishes. For precisely those form degrees 0 < p < n for which /C^ is 
non-trivial, □((t)“^ does have a simple pole at cr = 0, and 

dim /C^ 

□p(a)-i = a-i ^ 

where ())' and ijjj run over a basis of kernp(O) = IC^ and /C* = kernp(O)*, respec¬ 
tively.^^ 

Theorem 4.5. On A-dimensional Schwarzschild-de Sitter space, if 0 < p < 4 and 
u is a differential form of degree p which solves Du = 0 with smooth initial data, 
then u decays exponentially to 

• a constant for p = 0, 

• a linear combination ofu+ and U-, defined in the statement of Theorem f.3, 
forp= I, 

• a linear combination of uj and dt A dr for p = 2, 

• a linear combination of *u_|_ and -ku- for p = 3 and 

• a constant multiple of r'^ dt A dr A uj for p = 4. 


^^After choosing the (j)'^, the are uniquely determined, and vice versa. 
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Analogous statements hold on any n-dimensional Schwarzschild-de Sitter space, 
n > 5. 


5. Results for Kerr-de Sitter space 

We now prove that some of the results obtained in the previous section for the 
4-dimensional Schwarzschild-de Sitter spacetime are stable under perturbations, 
which allows us to draw conclusions about asymptotics for solutions of {d + S)u = 0 
or Du = 0 on Kerr-de Sitter space with very little effort. Thus, fixing the black 
hole mass M, and the cosmological constant A > 0, denote by Pa the Kerr-de Sitter 
metric with angular momentum a; thus, go is the Schwarzschild-de Sitter metric. 
Only very basic facts about the metric will be used; we refer the reader to [52, §6] 
for details and further information. We will write Sg^ for the codifferential with 
respect to the metric ga- We furthermore denote by M = x Ai the domain of 
exterior communications, and by M = x X the ‘extended’ spacetime. 

To begin, recall that the scalar wave equation (and by essentially the same 
arguments the wave equation on differential forms, since the principal symbol of the 
Hodge d’Alembertian is scalar, see also [51, §4] for a discussion in a related context) 
on the Kerr-de Sitter spacetime fits into the microlocal framework developed in [52] . 
In particular, asymptotics for waves follow directly from properties of the Mellin 
transformed normal operator family, and moreover the analysis of the latter is 
stable under perturbations. In the present context, this concretely means that for 
any e > 0, there exists > 0 such that for all angular momenta a with |a| < Og, 
the meromorphic family of operators TZa{(j) := {d{a) dg^{a))~^ has no poles in 

|tT| > e, ImCT > 0, and such that moreover all poles in |ct| < e are perturbations of 
the pole of 'Ro{(j) at 0, in the sense that all poles of TZa{o') in \a\ < e are simple, 
and the sum of the dimensions of the resonant spaces at each resonance (i.e. pole of 
TZa{<j)) equals the corresponding sum for the Schwarzschild-de Sitter metric, which 
equals 4 by Theorem 4.3. Now, Lemma 4.4 suggests considering dual resonant states 
instead (which have a simpler form); the same stability result as for TZa{cr) holds 
for 7?.*(cr) := {{d{a) + (u))*)”^- However, just as in the case of Schwarzschild-de 

Sitter space, we can immediately write down 4 linearly independent dual 0-resonant 
states for d + 6g^: Namely, apply d(0) -I- Sg^ (0) to lx (this is a dual resonant state 
for ), which produces a sum of ^-distributions supported at the horizons r = r±, 
and splitting this up into the part supported at r- and the part supported at r+, 
we obtain 2 linearly independent dual resonant states for d -I- <5 in form degree 1. 
The same procedure can be applied to *9alA:, yielding 2 linearly independent dual 
resonant states for d + 6 in form degree 3 (which are simply the Hodge duals of the 
dual states in form degree 1). Hence, 

:=ker(d(0) + ^„(0)), (5.1) 

which has the same dimension as 

H,,* :=ker(d(0) + ^„(0))*, (5.2) 


^^Assuming the non-degeneracy condition (4.2), which ensures that the cosmological horizon 
lies outside the black hole event horizon, the same will be true for small |a|, which is the setting 
in which work here. In general, one would need to assume that A, M, and a are such that the 
non-degeneracy condition [52, (6.2)] holds. 
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is at least 4-dimensional for small |a|, but it is also at most 4-dimensional by the 
above perturbation stability argument! Hence, for small |a|, we deduce that 0 is 
the only pole of TZa{o'), i.e. the only resonance of d-l- in Imcr > 0 (and also the 
only pole of TZ*{a) in this half space), and is simple. 

We can use this in turn to prove the stability of the zero resonance for in 
all form degrees. Let AM) —>■ C°°(M; AM) denote the projection onto 

differential forms with pure form degree k S {0,... ,4}, which induces a map on 
C~(X;AX0AX). Let 

4 

/Ca :=ker5;;(0) (5.3) 

k^O 

be the grading of the zero resonant space of by form degree, likewise 

4 

/C,.*:=ker5;:(O)*=0/C^,* (5.4) 

k=0 

for the space of dual resonant states. Observe that C since u G Ha 

implies 0 = TTkOg^u = Og^TTkU. Now, since Dg,,! = 0, we have = (1) for small 
|a| by stability, likewise = (*g„l). Furthermore, is at most 2-dimensional 
for small |a| (since /Cq is 2-dimensional), but also O T^^Ha] now tt^Hq is 2- 
dimensional by Theorem 4.3 and Ha depends smoothly on a, thus = T^ 2 Ha is 
2-dimensional for small |a|; therefore = 712^0 is 2-dimensional. Finally, we have 
Ha ,^ C hence by the analysis of d + 5g^ above, hence /C^, is at least 

2-dimensional, but since /Cj is 2-dimensional, we must in fact have = 2 for 

small |a|; likewise dim/C^ = 2. Hence, we have dim/C* = dim/Cg for /c = 0,..., 4, 
which in particular means that the zero resonance of Dg^ is the only resonance in 
Im cr > 0, and the resonance is simple. 

We now summarize the above discussion, including a small improvement. The 
following theorem is completely parallel to Theorem 4.3, Lemma 4.4 and Theo¬ 
rem 4.5 for Schwarzschild-de Sitter spacetimes, extending these to Kerr-de Sitter 
spacetimes with small angular momentum: 


Theorem 5.1. For small |a|, the only resonance ofd + Sg^ in Ima > 0 is a simple 
resonance at a = 0, likewise for Dg^. The spaces Ha and Ha,* of resonant and 
dual resonant states for d + 5g^ are graded by form degree as Ha = ®k=o'^a! 
Ha,* = particular H^ = kerd/c(0) n ker(dg^)fe(0),^^ with 


K=W. ^a=0, Hl={Ua,l,Ua,2), K = 0, K = {*gj) 

for some 2-forms Ua,i,Ua, 2 , which can be chosen to depend smoothly on with 
uo.i = r~^ dt A dr, uo ,2 = ui in the notation of Theorem 4-3, and 

H° = 0, = {Sr=r_ dr, Sr=r+ dr), 


nl. = o, Hl.=^g^Hl, 


r+ ' 

hL = 0. 


For the spaces ICa and ICa,* of resonant and dual resonant states for Dg^, we have 

IC°a=K, lCl = {Ua,+ ,Ua,-), ICl = HI, JCl = ^gXa, = K 


^^The subscript denotes the degree of differential forms on which the respective operator acts. 
^^We derive an explicit expression in Remark 5.4 below. 
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for some 1-forms Ua,±; which can be chosen to depend smoothly on a, with wo,± = 
u± in the notation of Theorem 4-5, and 

= (lYMa,!, lAMa,2), * = (*g„ Ijf) • 

In particular, the form degree k part of a solution u to {d -\- Sg^)u = 0, resp. 

= 0, with smooth initial data decays exponentially to an element ofTL^, resp. 
for k = 0 ,...,A. 

Remark 5.2. Since for all A: = 0,..., 4, either = 0 or HX* = 0, hence Ha and 
H* are orthogonal, we obtain another proof, as in the Schwarzschild-de Sitter case, 
of the fact that Dg^ acting on differential forms only has a simple resonance at 0 . 

Proof of Theorem 5.1. We only need to prove that the space Ha is graded by form 
degree: Let TTeven = ttq + 7 r 2 + 7 r 4 denote the projection onto even form degree parts, 
then since d + 5g^ maps even degree forms to odd degree forms and vice versa, 
TTeven maps Ha into itself. Now suppose u S TTevenand write u = uq U 2 + ua 
with Uk = tt/jM, k = 0,2,4. Then 0 = Tri(c? + 5g„)u = duo + 6 g,,U 2 ,^^ and applying 
6 g^ to this equation gives 0 = Dg^uo, which implies Uq G /C°, i.e. uq is a constant, 
as discussed before the statement of the theorem. Likewise, U 4 G /C^, so U 4 is 
the Hodge dual of a constant. Therefore, d + (5g^ annihilates both ug and U 4 , 
hence U 2 G Ha. This argument shows that in fact TT 2 Ha C Ha. Since 'K 2 Ha is 
2 -dimensional, as noted above, we have 

(1) © Tr2'Ha © (*gal) ^ AAa, 

with both sides having the same dimension (namely, 4), and thus equality holds, 
providing the grading of Ha by form degree. □ 

This in particular proves Theorem 1. 

Remark 5.3. Observe that all ingredients in the Fredholm analysis of the normal 
operator family, which here in particular involves estimates at normally hyperbolic 
trapping, as well as all of the above arguments which lead to a characterization of 
the spaces of resonances are stable in the sense that they apply to any stationary 
perturbation of a given Schwarzschild-de Sitter spacetime (4-dimensional for the 
above, but similar arguments apply in all spacetime dimensions > 4), not only to 
slowly rotating Kerr-de Sitter black holes. 

In fact, using the analysis of operators with non-smooth coefficients developed 
in [27] and extended in [30], we can deduce decay and expansions in the exact 
same form as in the above theorem for waves on spacetimes which are merely 
‘asymptotically stationary’ and close to Schwarzschild-de Sitter, i.e. for which the 
metric tensor differs from a stationary metric close to Schwarzschild-de Sitter by an 
exponentially decaying symmetric 2-tensor (with suitable regularity). This shows at 
once that quasilinear wave equations on differential forms of the form □g(„ = 

q{u,\/u) with small initial data can be solved globally, provided 5 ( 0 , 0 ) is close to 
the Schwarzschild-de Sitter metric, and the non-linearity q annihilates 0-resonant 
states; to give an (artificial) example, on 2-forms, one could take q{u, Vu) = \du\'^u. 


use the identification of resonant states with t*-independent forms as in the proof of 
Theorem 3.20. 
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Remark 5.4. In the case of the Kerr-de Sitter metric, we can in fact explicitly write 
down Ua^i G Ha (and then take Ua ,2 = *ga.'u-a,i to obtain a basis of H^). Indeed, 
on the Kerr spacetime, Andersson and Blue [2] give the values of the spin coeffi¬ 
cients of the Maxwell field for the Coulomb solution in [2, §3.1], and reconstructing 
the Maxwell field itself (in the basis given by wedge products of differentials of 
the Boyer-Lindquist coordinates t, r, 0, (j)) is then an easy computation using the 
explicit form of the null tetrad given in [2, Introduction, §2.4].^^ A tedious but 
straightforward calculation shows that the resulting 2-form 

Ua.i := Fa^TR{r,0) {dt — asin^ 6 dcj)) A dr 

+ Fa,0<^{r, 0) suv9 dO A {adt — (r^ -|- a^) 


with 


"a,TR 


{r,e) = 


r^ — a? cos^ 9 

(^2 _|_ g2 (,Qg2 


2 > 


A’a,e$(F, 9) = 


2ar cos 9 


(r^ -I- cos^ 9 y 


is a solution of Maxwell’s equations on Kerr-de Sitter space as well, i.e. when the 
cosmological constant is positive. 
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